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Fluid dynamicists were divided into hydraulic engineers who observe what cannot be ex-

plained and mathematicians who explain things that cannot be observed.

Sir Cyril Hinshelwood (in Lighthill, 1956)

These notes borrow from the following books:

E. Guyon, J.—P. Hulin, L. Petit, C. D. Mitescu, Physical Hydrodynamics, 2nd edition
(Oxford University Press)

D. J. Acheson, Elementary Fluid Dynamics (Oxford University Press)

L. D. Landau, E. M. Lifshitz, Fluid Mechanics, 2nd edition, Volume 6 of Course of
Theoretical Physics (Elsevier)

G. K. Batchelor, An introduction to Fluid Dynamics (Cambridge University Press)

These notes are meant to be a support for the course, but they should not replace text-
books. It is strongly advised that at least one of the books listed above is used regularly,
as they provide much more details about the subject and lots of examples and problems.



Chapter 1

Kinematics of fluids

1.1 What is a fluid?

A fluid is a collection of particles that can be treated as a continuum and which flows

(deforms) when acted upon by a stress.

When particles are free to move relative to each other, the description as a continuum
requires their mean free path to be much smaller than the other characteristic lengths of
the problem. This condition is usually met in liquids and may also be satisfied in gases
and plasmas. Solids, in which particles are bound to their neighbours, can be described as
a continuum on scales large compared to inter—atomic distances (e.g., theory of elasticity).
In cases where the continuum approximation does not apply, kinetic theory has to be used.
Hydrodynamics can actually be obtained as the limit of kinetic theory when the mean free

path is much smaller than all the other characteristic lengths.

Liquids, gases and plasmas all deform under stress and therefore may be treated as fluids.
In general, solids are not considered as fluids because they do not deform easily. However,
some solids do flow when subject to stresses larger than their limit of elasticity. Examples
of this are glaciers and the Earth’s crust. Also, some materials behave either like solids or
liquids depending on whether they are subject to a high or low frequency stress, respec-
tively. For instance, we sink deeper into wet sand when standing up than when running.
Also some polymers, which behave like solids when acted upon by a stress that varies on
a short timescale, start to behave like liquids when the stress varies on a timescale long
enough that the polymer can use its internal degrees of freedom to deform like a liquid.

The frontier between solids and liquids can therefore be fuzzy.



1.1.1 Mean free path

The mean free path X is the average distance travelled by a particule before it collides

with another particle. It is given by:

AL (1.1)

no

where n is the number density of particles and o is the collision cross section. If all the
particles are identical and with diameter d, then o = 7d>.

Let us calculate the mean free path of the molecules in air at atmospheric pressure
and room temperature. Air consists of 21% of Oy and 78% of Na (and small amounts of
other gases), which have a diameter d ~ 0.4 nm. Treating the air as an ideal gas, the
number density is given by n = P/(kT), where P is the pressure, T is the temperature
and k is the Boltzmann constant. Adopting P =1 atm = 1.01 x 10° Pa and 7' = 300 K,

3. The collision cross section is ¢ = 7wd%? = 5 x 10712 m?2.

we obtain n = 2.4 x 10%® m~
Therefore A ~ 8 x 1078 m, which indicates that the fluid approximation applies unless we

are interested in microscopic processes.

1.1.2 Averaged quantities

If the mean free path A is very much smaller than the scale of interest L in the system,
we can characterize a volume element with scale [ such that A\ < | < L using averaged
quantities. For example, the velocity of a single particle can be written as u = v + w,
where v is the same average velocity for all the particles in the volume (since | < L), and
w is a fluctuating part. In a volume element with [ > A, particles suffer a large number of
collisions so that w changes sign very rapidly. Therefore, as illustrated in the figure below,
the displacement of the particles in this volume over an interval of time At is given by
vAt, as w averages to zero, and the volume element is always made of the same particles

as it moves.

random walk around
v Al; duetow

v At
A A~ I = = ~
A= vy A ="
VA -\ I\ 2
\V4 v ~V Y
v At
Volume element Volume element
at time ¢t at time t + At

For most purposes, we can therefore neglect w and define u = v as being the velocity of
the fluid element. In the same way, the temperature, pressure, etc., can be defined as an
average over the large number of particules in the volume. Thereafter, fluid elements will

be sometimes loosely referred to as particles.



1.2 Eulerian and Lagrangian descriptions

A flow can be described in two different ways, depending on how the variations of the

different quantities (velocity, density, temperature, etc.) are considered:

e In the Eulerian description, the variations are described as a function of time at
all fixed points in the flow. The velocity v(r,t) of a fluid element which at time ¢
coincides with the fized point located at r is that seen by the fox at rest on the river
bank. In this description, the velocity is a vector field. Such a velocity field would
be measured by fized probes embedded in the fluid.

e In the Lagrangian description, one follows individual fluid elements moving with
the flow and variations are described as a function of time. The velocity V(¢,rg)
of a fluid element which at some time ty is at position rg is that of the duck in
the river. (We denote the Lagrangian velocity with a capital letter to distinguish it
from the Eulerian velocity). The parameter ro simply 'tags’ the path along which
the fluid element is moving. Such a velocity can be measured by tracking (e.g.,
phosphorescent) tracer particles. If at a time ¢’ the duck is a the position r/, then its
Lagrangian velocity at that time coincides with the Eulerian velocity at that point
and time: V(¥,rg) = v(r/, ).



1.3 Streamlines, trajectories and streamtubes

A streamline is, at any particular time ¢, a curve whose tangent is everywhere parallel to

the velocity vector. Let us consider a point (x,y, z) on a streamline. A small displacement

(dz,dy, dz) along the streamline is then parallel to v(z,y, z), which implies that:
dz dy dz

(1.2)

. vy Uy

Integrating these two differential equations yields the equation of the streamlines.

Streamlines at a given time do not

v, ()

intersect, because a particle at a

given point cannot have two different

velocities at the same time.

Streamline
M at time {,
1 A trajectory (or pathline) is the path
Trajectory of followed by a particle. Trajectories
particle P

can intersect.

Streamlines and trajectories only coincide in a steady flow. This can be seen by noting
that M; which, at ¢, is on the streamline which is represented above, will have advanced

to My at a subsequent time ¢; only if the velocity does not change between ty and ;.

Contour 2

Streamline

/

A streamtube is a set of streamlines
C 1
entour that are drawn through each point of

a closed curve.

(Credit: Wikipedia)

vl

1.4 Material time derivative

We consider a Eulerian quantity @ (e.g., temperature, density, etc.), that is to say a
quantity which is specified at a fixed position at a given time. For a fluid element which
at time ¢ is at a point located at r, the value of this quantity is Q(r,¢). If the Eulerian
velocity at this point is v(r,t), then at time ¢t + 0t the fluid element is at r + vdt, where

10



the value of @ is Q(r + vdt,t + dt). The time rate of change of @ for this fluid element,
which we denote by DQ/Dt, is therefore:

DR v Q(r + vot,t + ot) —Q(r,t).

= 1.
Dt o 5t (13)
Performing a Taylor series expansion to first order in dt:
t
Q(r 4+ vit,t + 6t) = Q(r,t) + 515&('2;’) +vét-VQ(r,t), (1.4)
equation (1.3) becomes:
DQ _ 0Q
——< -2 1 v.V0Q. 1.
Dt BN +v-VQ (1.5)
The time derivative following the motion of a fluid element is then given by the following
operator:
D 0
- = : 1.
DI~ 81 +v-V| (1.6)

which is also called material time derivative or Lagrangian rate of change. The way it
has been calculated here, it has meaning only when applied to a Eulerian quantity which
depends on the two independent variables r and ¢t. However, this is not a unique approach?.

From equation (1.6), we see that there are two contributions to DQ/Dt: 0Q/0t, which
is the local rate of change due to time variations of @ at a fized point, and v - V@, which
is due to the fluid element being transported to a different position along the gradient of
Q@ (see below). The first term is the Fulerian rate of change, whereas the second term is
the convective rate of change.

If Q is a constant for every fluid element, then DQ/Dt = 0. It does not mean though
that it is a constant through the fluid, as it may be a different constant for different fluid
elements. It only means that a fluid element having a given value of () at some particular

time will retain this value of Q at any subsequent time.

"Mathematically, the operator D/Dt could also be defined as the total time derivative of a function
which depends both on r(t) and on t explicitely. Indeed, the quantity @ could be seen as depending
explicitely on time, and also on the location r, which itself depends on time: Q(r(t),t). The rate of change

of ) is then just its total time derivative:

dQu(®).1) _9Q , 9Qdr , 9Qdy | 9Qdz

dt T ot fxdt | oy dt | 0z dt
Using vy = dz/dt, vy = dy/dt and v, = dz/dt, we obtain:

dQ(r(t),t) _ 0Q
S\t\t)h Y)Y v
at o TV V@
which is the same as DQ/Dt. However, note that Q(r(t),t) is neither the Eulerian representation of @, as
this is given by Q(r,t) where r is fized, nor the Lagrangian representation, as this is given by Q(ro,t) and
is independent of r.

11



1.4.1 Acceleration of a fluid element:

Above, we have calculated the material time derivative of a scalar ), but the operator
D/Dt could also be applied to a vector. For example, to calculate the acceleration of
a fluid element, or Lagrangian acceleration, we have to calculate Dv/Dt. Applying the
operator to each of the cartesian coordinates of the velocity, it is straightforward to see
that:

Dv ov

where the operator is applied to the Eulerian velocity v(r,¢). Note that dv /0t is not the
acceleration of a fluid element at location r at time ¢, because the element is there only

instantaneously.

In cartesian coordinates, the components of (v - V) v are given by:

vy o vy L %
ox Yy 8 20z’
avy (%y 8vy
Ve Ty T
ov, ov, ov,

oz "oy TV 0,

(%

Vg7 —

To use the above formula in other coordinate systems, we have to take into account the
fact that the unit vectors depend on the space coordinates. For example, in cylindrical

coordinates (r,0, z):

0 0 0 . P .
(V-V)v:< "o + v 9@4— Za)(vrr—i—vge—l—vzz),

where #, 8 and z denote the unit vectors. Remembering that 89/ 00 = —r1, we see that,

for example, the radial component of this expression has a term —vg /7 that comes from

) (U@é) 109.

The acceleration of a fluid element could also be calculated directly using the La-
grangian representation of the velocity V(ro,t). In this case, it is just the time derivative

of the velocity along a given path, so that:

Dv oV
Dit —_ <8t>r0 . (1.8)

Note that the velocity of a fluid element can be written as:

Dr
= —. 1.
v Di (1.9)

12



This can be seen by writing that the operator applies to the Eulerian quantity r = zx +

yy + 2z, where a hat denotes a unit vector, so that there is no time dependence and:

Dr dz . dy . dz .
Di = (V-V)r:vxax—kvyd—yy—kvzgzzv-

1.4.2 Steady flow

It is a flow in which, at any fized point r, the velocity does not depend on time, that is to

say:

ov
e 0. (1.10)
We see from equation (1.7) that, in a steady flow, fluid elements may still be accelerated
by being transported to a position where the velocity has a different value.
Consider for example a fluid in uniform rotation with angular velocity {2, so that
vy = —Qy, vy = Qx and v, = 0. Then:
0

(v V)v= <—an$ n Qx(,fy) (~0y, 9,0) = ~02(z,5,0),

which is, as expected, the centripetal acceleration —?r.

1.4.3 Rate of change along a streamline

In a steady flow, the Lagrangian rate of change of a quantity @ is given by v - V@Q. Let
us denote s the coordinate (distance) along a streamline, and § the unit vector associated

with this coordinate. Then v = |v|§ and
0
v-VQ=||s VQ = |v\a—§. (1.11)

This is the rate of change of @ with distance along the streamline times the flow speed,
which gives the rate of change of Q with time along the streamline.
Therefore, v - VQ = 0 means that () is constant along a streamline, that is to say for

a fluid element moving along that streamline.

13



1.5 Vorticity and strain rate

Here we are interested in the way a small volume of fluid deforms when it moves with the
flow. In the figure below, the velocity is not uniform across the volume, so that it tilts and

stretches as it moves:

1 Vordy)

L » X
Z/ element at time 7 element attime ¢ + At

At time ¢, the velocity of a particle at location r is v(r,¢) and that of a particle at

location r +dr is v+ dv. To first order in the components dz; (j = 1,2, 3) of dr, we have:

dv; = gz;dxj. (1.12)
Einstein notation? has been used in this equation and will be used throughout these notes.
We use either (z1, z9,z3) or (x,y, 2) to denote the z—, y— and z—components.

The quantity D;; = 0v;/0x; is called the deformation tensor. If we select a corner of
the cube on the figure above as a reference point, then D;; tells us how the points in the
cube move with respect to this reference point. Therefore, it contains information about
how the cube deforms as it moves, but does not describe the overall motion of the cube
with the flow. This tensor can be written as D;; = e;; + w;j, where e;; is a symmetric

tensor and wj; is an anti-symmetric tensor which are given by:

1 (0v; Ovj

€ = 3 <3Z + 82) , rate of strain tensor (1.13)
1 (0v; Ovj

wij = <8Z — 8::2) ., vorticity tensor. (1.14)

The strain is a measure of the local deformation of a fluid element caused by an applied
stress, whereas the vorticity measures the local angular velocity of the fluid element, as

will be made clear below.

2Einstein notation implies that repeated indices within one term are summed over. Therefore,

81}1' _ 3 a’Ui
%dx] = Jz:; T%dx]

14



1.5.1 Rate of strain tensor

We are going to show that the diagonal terms of the tensor e;; are associated with a change
in volume whereas off-diagonal terms are associated with shear.

Diagonal terms:

We assume here that only the diagonal terms, of the form dv;/0x;, are non—zero.

X3
C
Let us consider the volume element repre-
AX3 sented in the figure at time ¢. Its volume is
V(t) = Az1AzyAxs. We are now going to
O Ax B ¥ calculate its volume V (¢t +0t) at time ¢ + 6t.
AX4
A

X1

We note v(x1,x2,x3,t) the velocity at point (z1,z2,2z3) and at time ¢. To first order in

0t, point A moves away from O at the relative velocity:

)
Vi = V(Az1,0,0,t) — v(0,0,0,t) = Awla—zlﬁl,
1

where X7 is the unit vector in the x1—direction and the velocity in the derivative is evaluated
at O and at time £. The distance traveled by point A relative to O between t and t + §t is
|Vyel|0t and the distance O A(t + 0t) between O and A at ¢t + dt is obtained by adding Ax;:

OA(t+0t) = Awy + Az 2%t
61’1

We have assumed here that the displacement of a point which is initially at Azq is
v(Ax1)dt, that is to say we have not taken into account the variations of v between ¢
and ¢ + dt. This is only valid to first order in §¢ when the deformations are very small.
This calculation could have been done for any point belonging to the x = Az plane, which
means that this face of the cuboid is moving along the x1—axis while staying parallel to

its original direction. Similarly, along the x9— and zs—directions:

8’02

OB(t + (5t) = Axo + Axo——6t,
81'2
81)3

OC(t + 6t) = Axg + Axg—=4t,
85[33

and, again, the faces of the cuboid in the y = Axs and z = Azs planes move while staying

parallel to their original direction.

15



cuboid at t

cuboid at t+4t Therefore, there is no tilting but only stretching:

‘1

the cuboid only dilates or contracts.

The volume at t + It is:

V(t+ot) = AryAmsdas 1+ 2%¢) (14 226 ) (14 2% |
Iz d2 o3

which, to first order in d¢, is equal to:

- 37}1 87)2 81)3
V(t + 5t> = Az1AzoAx3 |:1 + ot (8%1 + 87.732 + 8%3)] .

This can be written as:

V(t+6t) = V() (1 +6tV - v).

If we note §V the change in volume during dt, then the relative change in volume is:

‘5“// — 5tV - v, (1.15)

which expresses the fact that the rate of volume expansion is V - v, which is also equal to

eii, the trace of the tensor e;;.

Off—diagonal terms:

We now assume that only the off-diagonal terms, of the form Ov;/0x; with j # 4, are non—
zero. We limit the discussion to the two dimensional case to keep the analysis simpler,

noting that it can easily be extended to three dimensions.

X2 We consider the surface element OADB
Viels JPPP T - :,7 D represented in the figure at time ¢. Since vq
B == D, depends only on x5, A moves relative to O
B ! . . . ..
K ) in the xy—direction. Similarly, B moves rel-
AX 5B / III ative to O in the z1—direction. The dashed
/
[ v+ 8y A A lines represent the surface at time ¢+t (here
) '\ e and thereafter we ignore the translation of
’ - \ Sa VreI,A
o the whole surface).
/Y Y AX1 A X1

16



To first order in 0t, point A moves relative to O at the velocity:

Viel = V(Az1,0,0,t) —v(0,0,0,t) = A%l%f(%
6%’1
where X5 is the unit vector in the xo—direction and the velocity in the derivative is eval-
uated at O and at time t. Therefore, after a time dt, OA becomes OA’ with AA" =
Az (0ve/0x1)dt. The angle da through which the line rotates during dt is then given by
da ~ AA'JOA = (Ovg/dx1)dt (positive angles are defined counterclockwise). Similarly,
OB rotates through 65 ~ —(dv; /0x2)dt (this angle is negative if, as assumed in the figure,
Ov1/0xz9 > 0.) If da = 63, the angle v between the lines OA and OB remains constant:
there is only rotation. However, when da # 03, v changes by dv = 68 — da (which on the
figure is negative): there is shearing motion. The angle v is called the shear strain of the
fluid element and the rate at which v changes is called the shear strain rate. This can be

related to the strain tensor through:

&y _ 0B —da _ <8v1 N 8@2) — %,

5t = ot 92e T 021 (1.16)

Similarly, e,. and ey, are related to the shear strain rates in the xz and yz planes, respec-
tively. It can be shown that the deformation of a fluid element due to the off-diagonal

terms of the strain tensor do not change its volume.

1.5.2 Vorticity

Here again, we consider the two dimensional case for simplicity. We assume that all the

components of the tensor e;; are zero, so that v; depends only on x2, v2 depends only on
x1 and Ovy /0zg = —0ve /0x;.

Xz D’ We are therefore in the same situation as
Vil /“_,,——"'/‘\‘ above but with §3 = d«, as illustrated in
B’ ‘,—"" ‘\\ D the figure. This implies that the surface is
\‘ B \\ rotating without being deformed with the an-
‘\‘iﬁ\ ‘\‘ gular velocity:
L A% A Sa 08 da+dp
Y- Ve VrelA o 1 2%1)2 ov,
o & A = 3 (- gmn) =

The vorticity tensor is therefore related to the local angular velocity of the fluid element.
If the off-diagonal components of e;; are non-zero, which means that da # 03, then w,y,
represents the average angular velocity of the surface element around the z—axis. Simi-

larly, w., and w,, are the average angular velocities around the z— and y—axes, respectively.

The local angular velocity vector of a fluid element is therefore given by w.,X+w,.y +wy,2.

As will be seen throughout these notes, the quantity that appears most commonly in the
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description of flows is actually twice this angular velocity vector. It is called the vorticity

vector and is noted w:
we (P2 0oy (o O, (Ouy Dua),
~\ gy 0z 92 ox )Y ox Oy )’

which we recognize as:
o=y iy

A flow is called irrotational if VXv = 0 and rotational if VXv # 0. In a rotational

flow, fluids elements rotate as they move, whereas in an irrotational flow they do not

rotate. This is illustrated in the figure below:

Velocity
profile Fluid particles not rotating

Irrotational outer flow region

)
YYY VY
]

Y

Rotational boundary layer region

. o
L e

<
Wall Fluid particles rotating

1.5.3 Deformation of a fluid element in the general case

The deformation tensor D;; = 0v;/0x; can be written in the form:

. 1 1
Dl'j = tij + dij + wij, with tij = géijekk and dij = €4 — gdijekk- (1.18)

The interpretation of the different contributions for a fluid element is as follows:
e the tensor t;; is diagonal and its trace is equal to the rate of volume expansion,

e the tensor d;; is symmetric, its trace is zero, and it is related to the deformation of

the fluid element without change of volume,

e the tensor w;; is anti-symmetric and related to the local rigid-body rotation of the

fluid element.

This is illustrated in the figure below:

to + Ot
t\:, |
= + b 5
General Translation Linear Rotation, ®;  Angular
motion deformation, t; deformation, dj;
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1.6 Mass conservation

In this section, we derive the equation which expresses mass conservation.

1.6.1 Eulerian approach

We consider an arbitrary fized volume V' of the fluid delimited by a closed surface S, which

m:///vpdV,

where p is the mass density. This mass varies due to particles entering and leaving the

contains the mass:

volume.

The particles P which cross a surface element dS
per unit time are contained within the cylinder of
cross—sectional area dS and length v parallel to the

vector velocity v at this location. The volume of this

cylinder is v - dS, where the vector dS is perpendi-
cular to the surface element and directed outwards.
Therefore, the total mass which crosses the surface
element dS per unit time is pv - dS. Note that this
is positive if particles leave the volume and negative

if they enter it.

The total mass which leaves the volume V per unit time is therefore the integral of pv-dS

over the surface and this is equal to —dm/dt, so that we can write:

((iit///vpdvz_ﬂé‘pv.ds (1.19)

As the volume is fixed, we can move the time—derivative inside the integral on the left—
hand side. By using the divergence theorem to transform the right—-hand side into an

integral over the volume, we then obtain:

///V (gf +V- (pv)) dv = 0. (1.20)

Since this is valid for any volume V', we must have:

dp
=L : =0. 1.21
5 TV (v) =0 (1.21)

This is the mass conservation equation, also called continuity equation.

Using equation (1.6), mass conservation can also be written as:

Dp
v =0. 1.22
Dt +pV-v=0 (1.22)
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1.6.2 Lagrangian approach

Above, we have derived the mass conservation equation by considering a fized volume in
the fluid. We now show that the same equation can be obtained by writing the conservation
of mass for a fluid element of volume V' moving with the flow. The calculation is slightly
more complicated, but it is worth doing as it shows how conservation laws can be obtained
with the two different approaches. The element distorts as it moves, but by definition its

mass m stays constant: no fluid crosses the surface as the surface itself moves with the

fluid. Therefore: D
m
B = d = 0= g ] e,

where we make it explicit that the coordinates of the volume depend on time, as does the

mass density since the volume changes as the fluid element moves. This yields:
d(dz d(d d(dz
/// ( P dadydz + p (d ) dydz + (dy)d dz +p (d %) 4y dy>:0. (1.23)

To calculate, e.g., d(dz)/dt, we write dz = (0?2 - O-P)l) -x, where O is any fixed point,
X is the unit vector in the z—direction, and the coordinates of P; and P, are (z,y, z) and

(z + dz,y, z), respectively. Therefore:

d(dz) _ (d((ﬁ%) d(o—ﬁl)) = (v ov Bvy

Similarly for d(dy)/dt and d(dz)/dt. Therefore, equation (1.23) becomes:

///V (jﬁ +pV - v) dzdydz = 0. (1.24)

Since this satisfied for any volume V', the integrand is identically zero and we recover

equation (1.22).

1.7 Incompressibility

The compressibility of a fluid is characterized by the coefficient:

19V 10p

TV o
where the derivatives are taken at either constant temperature or entropy, depending
on how compression happens. This coefficient is very small for liquids, and generally
several orders of magnitude larger for gases. Water is approximately incompressible, with
B ~ 1072 Pa~! for a wide range of temperatures and pressures, whereas 3 ~ 10~ Pa~! for
air, and the compressiblity of air is of course what enables sound to propagate. However,
we need to distinguish between an incompressible fluid and an incompressible flow as, under

some circumstances, air in motion for example can be approximated as incompressible.

A flowis said to be incompressible if the volume of fluid elements stays constant as they
mowve. In section 1.5, we established that the change 6V of the volume V = Axz1AxoAxs
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as it moved with the flow was given by equation (1.15). Substituting 6V = 0 in this

equation then yields the condition for incompressibility:

[V-v=0| (1.25)

As the mass of a fluid element stays constant as it moves, writing that its volume stays
constant is equivalent to writing that its density stays constant. Therefore, incompressi-
bility implies Dp/Dt = 0 which, from equation (1.22), yields V - v = 0, as above.

In section 2.2.4, we will give a condition for incompressibility that involves the ratio
of the flow velocity to the sound speed.

Note that the density p is not necessarily uniform (the same for all fluid elements) in
an incompressible flow. For example, oceans are stratified (higher density at the bottom)
due to gradients of salinity, temperature etc., even though water can be considered as
incompressible because an individual fluid element will retain its density as it moves.
Stratification of an incompressible fluid, in which Dp/Dt = 9p/0t + v - Vp = 0, implies
that p varies with time at a given location. This leads to internal waves because of

buoyancy being a restoring force, as we will see later in these notes.

1.8 Velocity potential, circulation and stream function

In some cases, it is convenient to express the components of the velocity vector as the
derivatives of a scalar. This can be done when the flow is either irrotational and/or

incompressible.

1.8.1 Velocity potential

If the flow is irrotational, then V x v = 0, which implies that there exists a scalar ¢, called

(120

This is equivalent to the electrostatic potential resulting from V x E = 0. This equation

the velocity potential, such that:

does not uniquely define ¢, as any function of time can be added to a solution without
modifying v. Flows in which the velocity can be written as the gradient of a scalar are
also called potential flows. These are a very important class of flows, to which we will
come back in chapter 3. If in addition the fluid is incompressible, then V - v = 0, which
yields:

V2 =0, (1.27)

that is to say ¢ satisfies Laplace’s equation.

If the domain occupied by the fluid is simply connected (meaning any closed curve can
be reduced to zero by being continuously deformed while staying in the domain, e.g., flow
moving past a sphere), then, given v(r,t), the potential ¢(r,t) is a single—valued function
of position. This can be shown by writing:

o(e,t) = [ V(') ar.

0

21



where rg is an arbitrary fixed point. This integral is independent of the path from rg to
r. Indeed, any two paths make up a closed curve. The circulation of v around that curve
is equal to the flux of VX v across the surface delimited by the curve (Stoke’s theorem),
and this is zero as the flow is irrotational. Therefore the integral is the same along the
two paths, which implies that ¢ is single—valued .

The velocity potential can still be defined through equation (1.26) when the domain
of the flow is not simply—connected (e.g., flow moving past an infinite cylinder), but the
integral above may then depend on the path from rg to r, which means that ¢ is a multi—
valued function of position. In that case, the circulation of v around a closed curve is not
necessarily zero.

As an exemple, let us consider the so—called line vortex flow which, in cylindrical polar

coordinates (r, 6, z), is given by:

where k is a constant and @ is the unit vector in the azimuthal direction. It is straight-
forward to check that V Xv = 0 everywhere except at » = 0, where neither the velocity
nor the vorticity are defined. If we define the flow domain to be r > R, where R is an
arbitrary value, then it is not simply connected: any curve centered at the origin cannot

shrunk to a point without leaving the flow domain. Integrating V¢ = v:

00y 106 _k 9
or ' rdd r’ 9z

we obtain ¢ = kf, which is a multi—valued function of position.

1.8.2 Circulation

Circulation is a very important concept in aerodynamics, where it is used to calculate
the lift on an object embedded in a fluid. We consider a closed curve C' which delimits a

surface of the fluid. . ) ) .
It is a mathematical convention to define the positive

sense along a 2D curve as counterclockwise. There-
fore, an element dl along the curve is orientated as
shown on the figure. In aerodynamics, a circulation is

considered positive when it is clockwise, so in princi-

ple signs should be reversed. However, in these notes,

we will use the mathematical convention.

Therefore, the circulation, which is noted T, is defined as:

= yﬁcv - dl. (1.28)

Stokes’s theorem yields:

F://S(VXV)ASE//Sw-dS, (1.29)
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with S being the surface delimited by C. For an irrotational flow, w = 0 and I"' = 0.
Stokes’s theorem implicitly assumes that w is defined everywhere over S. When the
domain of the flow is not simply connected, this condition is not satisfied, and Stokes’s
theorem cannot be used. For example, for the line vortex flow introduced in the previous

section, the circulation of the velocity along a circle C of radius r > R centered at the

Fz%v-dlz%krdﬁz%ﬂs.
c cT

This is non—zero because w is non—zero at the origin.

origin is given by:

We now consider the circulation along a contour C' which encloses an aerofoil, which

is the cross-sectional shape of a wing, as represented on the figure below:

aerofoil

/
"

We are going to establish the following important result:

For an irrotational flow, the circulation is the same round all simple closed contours
enclosing the aerofoil. The circulation can therefore be calculated by choosing for C'

a circle with a radius large enough that it encloses the aerofoil.

Let us take another contour C’ and show that the circulation around C' is the same as
that around C’. This is illustrated in the figure below:

c',
E
C'y

With the orientations shown on the figure, the blue contour is J; = C1 — L1 + C] — Lo
and the red contour is Jo = Cy + La + C4 + Ly. Since they are closed and the flow is

irrotational, we have:
yﬁ v-dl:yf v-dl=0.
J1 J2

Therefore the sum of these two integrals is zero, which yields:

/ v-dl=0.
C1+C)+Co+CY
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Since C' = C1 4+ Cy and C' = C + CJ, this means that the circulation along C'is the same

as that around C" if both contours are oriented in the same direction.

This is actually valid for any integral along a closed contour, not just the integral of v -dl.

1.8.3 Stream function

In an incompressible fluid, V - v.= 0, which implies that there exists a vector A such
that v =V x A. This is equivalent to the electromagnetic vector potential resulting from

V - B = 0. In cartesian coordinates, this yields:

LA 0A, oA oA oA, oA,
T oy oz Y 0z ox’ ° Oz oy

These equations do not uniquely define A: any gradient (in addition to any function of
time) can be added to a solution without modifying v.
Let us consider a two dimensional flow in the (z,y)-plane, for which there is no z—

dependence. From the above equations we get:

oY oY

Vg = =, and vy = g

dy

(1.30)

where ¢ = A, is called the stream function. In this two dimensional case, the velocity
vector can be characterized by this one scalar function v only.

The stream function can of course also be defined in polar coordinates (r,6) through the

relations: 1 0 o0
Vyr = ;%, and Vg = —E (131)
In two—dimensions, the vorticity is:
_(Ov, Ov\. (0% Y\, o, .

Therefore, if the fluid is irrotational, the stream function satisfies Laplace’s equation:
V2 = 0. (1.33)

The rate of change of ¥ along a streamline is given by (see section 1.4.3):

_ . o 9y
V-Vw—vx%—i-vya—y. (1.34)

Using equations (1.30), we see that v - Vi = 0, which implies that 1 is constant along
a streamline. This can be used instead of equations (1.2) to find the equations of the
streamlines.

This also implies a relationship between the velocity potential and stream function
for a two dimensional fluid which is both irrotational and incompressible. Indeed, since
V ¢ = v, this vector is everywhere tangent to a streamline. The lines of constant ¢, which
are called equipotential lines, are therefore perpendicular to the streamlines (V¢ cannot
have a component along a line of constant ¢). In other words, equipotential lines (constant

@) and streamlines (constant 1) are perpendicular to each other.
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Chapter 2

Dynamics of fluids

In this chapter, we focus on the transport of momentum in a moving fluid. Most of the
results presented here apply to incompressible fluids only. In general, when no external
forces are present, momentum can be transported by either advection and/or diffusion.
Advection is a transport by the mean motion of the flow and therefore occurs in the di-
rection of the flow. Diffusion is a transport from regions of higher momentum to regions
of lower momentum and occurs perpendicularly to the direction of the flow. Diffusive

transport of momentum is due to the viscosity of the fluid and results in frictional forces.

As already stated in chapter 1, the fundamental equations of fluids can be derived by
considering them as either a collection of particles (kinetic theory) or as a smooth con-
tinuum. This latter approach is justified when the mean free path of the particles is very
small compared to the macroscopic lengthscale of interest in the fluid. It enables to estab-
lish conservation equations more straightforwardly than kinetic theory. However, this does
not lead to a precise expression for the transport coefficients, in contrast to kinetic theory.
Transport of energy, mass and momentum occurs in a gas which is out of equilibrium
(i.e. in which the distribution function is not a Maxwell-Boltzmann distribution) through
molecular collisions. Most of the time, the departure from equilibrium is tiny, so that the
distribution function is nearly maxwellian. Within the context of kinetic theory, in which
molecular collisions are explicitly calculated, the so—called Chapman—Enskog procedure
gives the transport coefficients by considering small variations of the distribution function
around the Maxwell-Boltzmann distribution. Such a calculation is not possible when flu-
ids are viewed as continua, as in this case molecular collisions are not explicitly calculated.
It is possible however to get a phenomenological expression for the transport coefficients

in this context, as we shall see below.

2.1 Stress tensor

When the fluid is at thermal equilibrium, there is no resultant force on any volume element
within the fluid. However, when a deformation occurs (which can be measured by the rate

of strain tensor e;; introduced in section 1.5.1), internal forces are created which tend to
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resist the deformation and bring the fluid back to equilibrium. Such forces, due to the
deformation of the fluid, are called internal stresses. As we may expect, they are related
to the rate of strain tensor, and also to the wviscosity of the fluid. Internal stresses also

include pressure forces, which may exist in a fluid which is at rest.

2.1.1 Pressure and viscous forces in fluids

In a gas, forces between molecules are small and pressure is due to particles colliding with
each other. This can be pictured by imagining that the gas is contained within walls:
molecules have random velocities due to the finite temperature, and when they hit a wall
and rebound they transfer momentum to the wall. The net force communicated by the
molecules is perpendicular to the wall, and its value per unit surface area is defined as the
pressure. If we try to compress a gas by moving a piston, the collisions of the molecules
with the piston create a pressure force that resists the compression. A similar calculation
can be done by replacing the wall by an imaginary surface within the volume of the gas:
the momentum communicated to the molecules on that surface yields a pressure force on
the surface.

In a solid, pressure forces are due to intermolecular forces: if we try to compress a piece
of wood by pushing on its surface, there is a resistance due to the force that the molecules
in the wood exert on each other. The molecules are not able to move with respect to each
other.

In a liquid, compression is also resisted by mainly by intermolecular forces, although
molecules are also able to move with respect to each other: not as much as in a gas, but
more than in a solid. Intermolecular forces are strong enough to keep a given amount of
liquid in a specific volume, but not strong enough to prevent the molecules from moving
past each other, which enables the liquid to flow. In a gas, pressure forces are always
present whenever there is a finite temperature. In a liquid however, there can only be
pressure forces if there is gravity. In the ocean for example, pressure increases with depth:
because of gravity, a layer of water at a given depth exerts a force on the layer below, and
this is resisted by the pressure due to the intermolecular forces at the boundary between
the two layers. Because intermolecular forces are relatively strong, liquids are almost
incompressible.

Pressure forces exist in a fluid whether it moves or not. In a steady fluid, it is called
hydrostatic pressure.

A viscous force, by contrast, is only present in moving fluids. It is the force that
exists between two layers of fluid which move with respect to each other with different
velocities. It is characterized by the wviscosity of the fluid, which measures how easy it is
for molecules to glide past each other. In a gas, a viscous force can be calculated in a
way similar to a pressure force: molecules with different mean velocities collide with each
other because of their random thermal velocity, and exchange momentum in such a way
as to reduce the relative velocity between the two layers. This process is called molecular

interchange. When the temperature increases, random velocities increase which leads to
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a higher viscosity.

In a liquid, it is intermolecular forces that predominantly resist layers moving past each
other, although there is some molecular interchange as well. Intermolecular forces become
weaker at higher temperatures, and therefore the viscosity of liquids decreases when the

temperature is increased.

2.1.2 Definition of the stress tensor

Transport of momentum across the surface of a volume element results in forces being
exerted by the fluid located on one side of the surface onto the fluid located on the
other side. When the transport of momentum is due to molecules crossing the surface
and colliding with each other, these forces have a very short-range and are localized in
very thin layers on both sides of the surface. Therefore, they can be viewed as being
exterted onto the surface itself (like pressure forces), and we can consider the local effect
of these forces by isolating a small plane surface element §.5. We denote i the unit vector

perpendicular to this surface element.

The local stress T is defined as the force per unit area exerted by the fluid located
on the side of the surface element towards which n points, on the fluid located on the

other side.

If the range of the forces is very small compared with the linear dimensions of the surface
element, then the forces are proportional to the surface area. For example, if there is no
viscosity, only pressure forces are present and the stress is —pn. In a viscous fluid, there

is an additional contribution from the viscous stress.

We note o;; the i—component of the stress

tensor on a surface element which has a

UXK Oyz normal pointing in the j—direction.
UzyT y It follows that, if i # j, 0y; is a tangential, or
/ a. . . ceg .
Oxy/ Y shear stress, whereas, if ¢ = j, it is a normal
stress.

In the particular example on the figure, the unit vectors normal to the surfaces are X, y
and z, and the components of the stress on the surface which normal is x, for example,
are 1, = 04y, Ty = 0y and T, = 0,,. More generally, it can be shown (see appendix)

that the components of the stress T acting on a surface which normal is along the unit
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vector N1 = n,X + nyy + n.z are given by:

Ty = 0geng + OxyNy + OgzNz,
Ty = oyang + Oyyny + 0yznz,

T, = 00Ny + 0zyNy + 0221

This can also be written in a compact form as:

1)

where Einstein’s notation is used.

Thereafter, we will define o;; as having contribution from viscous forces only, that is to

say pressure forces will have to be added to obtain the total stress.

2.1.3 Two—dimensional shear flow in a gas

We start by revisiting a simple case which has been studied in the Statistical Physics

course in second year.

y Let us consider a flow with the velocity profile rep-

V(Y) resented on the figure. Such a flow where adjacent
layers of fluid move parallel to each other at different
speeds is called shear flow. Shear between adjacent
layers of fluids is resisted for by the wviscosity of the

fluid, which results in a frictional force between the

X layers.

Here we consider a gas, so that we neglect intermolecular forces and the transport of
momentum is only due to particles colliding with each other. The frictional force, which
we are are now going to calculate using kinetic theory, is due to the momentum transported
along the y—direction by the particles in the fluid which have a random (thermal) velocity

u relative to the mean flow.

On average, a molecule has a collision with another molecule after it travels through
a distance A, which is the mean free path of the particles. We suppose that after the
collision, the momentum of the molecule is the same as that of its new environment.
Let us consider the momentum which is transported during the time §t across a surface

element .5 perpendicular to the y—axis and with ordinate y.
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The particles which cross that surface from above
. during dt are those contained in the cylinder of length
—_— Vi(y+2) . _ .
) udt and section 4.5 and with a velocity u along —y.
ot

! ‘l.’ There are nudtdS/6 of these particles, where n is the
L 88 number density of particles and the factor 6 comes
. E Vx(Y) about because there are three possible directions for

X the particles, each with two orientations.

Each of these particles travel through A before it suffers a collision below 45, which results
in its momentum varying by:

m [oa(y) = vsly -+ V] 2 —mATE,
to first order in \/L, where L is the scale of variation of the velocity. In other words, each
particle carries below 65 the ezcess of momentum mAdv,/dy. Here m is the mass of a
particle. On the other hand, each particle traveling upward carries above 4.5 the deficit
of momentum —mAdv,/dy. Therefore, the net x—component of the momentum which is

carried downward during dt by the particles crossing 4.5 is:

1 dv 1 dv
2 — — 71 = — 7:0
0“py =2 <6nu5t55> <m)\ T > 3nmu/\ &y 056t. (2.2)

This quantity is positive if dv,/dy is positive. In that case, the fluid located above the
surface 6.5 accelerates the fluid located below, which means that it exerts onto this fluid
a force 6 F, = §%p, /6t directed in the positive z—direction.

Adopting for the unit normal to the surface n = y, the stress on the surface 4.5 is the force
per unit area exerted by the fluid located above the surface on the fluid located below,
that is to say T = (0F;/0S) X = o,y%X. Therefore:

dv,
Ozy = 77d7yv (2.3)

where we have defined the dynamic shear viscosity n as:

1
n= gnmu)\. (2.4)

Instead of 1, we often use the kinematic viscosity v:

V= — = *U)\, (25)

where p = mn is the fluid mass density. Note that 0., is a rate of change of momentum
per unit area, which is a flux of momentum. The above result has been obtained for a gas,

but a similar calculation could be done for a liquid by replacing the mean free path A by
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a correlation length, which is on the order of the spatial scale over which intermolecular
forces are important.

We now consider a box with horizontal faces at y and y + dy and surface area §S. The
exchange of particles across the upper face during the time ¢ results in the momentum
82p(y + 6y) being added to the volume, whereas the exchange across the lower surface
results in the momentum &%p,(y) being removed from the volume. Therefore, the time
rate of change of the momentum content of the box is:

1 d dv

— [8? oy) — 62 = — [n—=) 4884y, 2.6

57 [0°P2(y +0y) — 0°pa(y)] i <n 1 y (2.6)
to first order in A/L. This is also fyisex 050y, where fyisc . is the viscous force per unit

volume. Therefore:

do,
fvisc,x = dyy. (2.7)

It is important to note that viscous forces are surface forces, meaning that they are
applied on a surface and are proportional to the area of the surface, like pressure forces.
They give rise to a net force on a volume and therefore we can define a viscous force per
unit volume, as done above, but when deriving boundary conditions for example they have

to be explicitly written as surface forces.

2.1.4 Stress tensor and velocity correlations

Using again the simple case of the two dimensional shear flow illustrated above, we now
show that the stress tensor is related to the correlation between the components of the
fluctuating velocity. The components of the instantaneous velocity of a particle in the fluid
are (vy+ug, uy), where v, is the mean velocity of the flow and u, and w,, are the components
of the random (thermal) velocity relative to the mean flow. We have < u, >=< u, >=0,
where the brackets denote a time average. The flux of the x—component of the momentum

along the y—direction is:

p (V2 + uz) y.

Averaged over a large number of particles, or, equivalently, over time, this gives:

P <uzuy> ’

since < vzuy >= v; < uy >= 0. We consider a small surface element with unit normal in
the positive y—direction. The quantity above, being the upwards flux of the z—component
of momentum, is the opposite of the force per unit area in the x—direction exerted by
the fluid located on the side of the surface element towards which the normal points. By

definition, this is —o,,. Therefore,

Oay = —p (Uzly) . (2.8)
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This illustrates that the momentum is transported by the fluctuations of the velocity. For a
Maxwell-Boltzmann distribution function (or any zy symmetric function), < uyu, >= 0
and there is no transport. However, in a fluid which is out of equilibrium, this correlation
between the components of the fluctuating velocity may not be zero.

We denote by C the correlation coefficient between the velocities u, and w,:
o _ N
=3

We see from (2.8) that C gives a measure of the stress tensor.

In the special case where the random fluctuations are caused by sound waves propa-
gating with speed c¢s through a gas, u ~ ¢4 (as will be shown in section 5.1.3). In addition,

using equations (2.3) and (2.8), we obtain:
dv,
v—.
dy

Therefore, in that case, the correlation coefficient becomes::

(ugy) = —

A

2
Cs

dvg | Ave _ A
dy Le, L

where we have used equation (2.5) and dv,/dy ~ v, /L, where L is a characteristic length-

M, (2.10)

scale. Here M = v, /¢, is the Mach number. Momentum is therefore transported effi-
ciently when the mean free path in a gas, or correlation length in a liquid, is not too small

compared to L.

2.1.5 Expression of the stress tensor for a Newtonian fluid

We are now going to calculate the stress tensor in a more general case, and the calculation
presented in this section applies to either a gas or a liquid. As seen above, the viscous
(or friction) force in a fluid is due to an irreversible transport of momentum from regions
where the velocity is higher to regions where it is lower.

Friction occurs only when different parts of the fluid have different velocities. Therefore o;;
should depend on the velocity gradients. If the velocity varies on a scale large compared
to the mean free path, i.e. to the scale over which molecular transport arises, one can
suppose that o;; depends only on the first derivatives of the velocity with respect to the
coordinates. Furthermore, we suppose that the dependence is linear, i.e. we limit ourselves

to Newtonian fluids. The most general form of o;; is then:

ov; v, Ovg,
L+ AL 4B —
(%j + 856,'7—’_ Ja$k7

where A and B are constants to be determined, and ¢;; is the Kronecker symbol. The

045 X

(2.11)

inclusion of the last term on the right-hand side enables the trace of the tensor o;; to
be treated separately. If the flow is uniformly rotating with angular velocity € in the
(zy)-plane for instance, we must have o, = 0. Since v, = —Qy and v, = Qz in that case,

that implies A = 1. Therefore the tensor o;; is symmetrical. We note that its trace is:
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Trlo]=(2+3B)V v,

which shows that T'r[o] is a measure of the volume change of a fluid element. It is an
experimental fact that the stresses which change the volume of a fluid element give different
viscous forces than the stresses that preserve the volume. Therefore we rewrite o;; under

the form?! :

6vi Ovj 2 2
where the first term in brackets on the right—hand side is trace free, i.e. does not modify
the volume of a fluid element.

The shear and bulk viscosities, that we denote n and ( respectively, are then experi-

mentally defined as:

B’Ui (%j 2
7= <3xj A V) AN 212

Since o;; has the units of a pressure, the units of n and ¢ are Pa s (Pascal second).
This expression for the stress tensor is not exact: it has been derived phenomenologically
assuming that o;; depends only on a linear combination of the first derivatives of the
velocity with respect to the coordinates. However, the kinetic theory applied to dilute
gases leads to the same expression for o;;, as has been shown above in the simple case of
the two dimensional shear flow. For a dilute gas, 7 is given by equation (2.4).

By writing that n and { are scalar quantities, we implicitly assume that the fluid is
isotropic. When this is not the case, n and ( are themselves tensors. It can be shown
that, as viscosity leads to dissipation of energy, n is always positive. Similarly, as internal
friction leads to an increase of entropy, ( is also always positive.

The bulk viscosity is associated with internal degrees of freedom of the molecules in the
fluid. It becomes negligible if the equipartition between these different degrees of freedom
is reached over a timescale shorter than the timescale between two collisions. Furthermore,
for a perfect monoatomic gas it can be shown that ¢ = 0.

For an incompressible fluid, we have simply:

o 31)1‘ 8vj o B
oy =1 <8zj + 8:@) = 2ne;j | (2.13)

The stress tensor is therefore proportional to the rate of strain tensor, that is to say to the

T thank Prof. Steven Balbus for providing the elegant discussion presented here and leading to this

expression of the stress tensor.
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rate of change of the deformation of the fluid element? (see section 1.5.1).
By generalising the calculation done above (section 2.1.3) for a shear flow, we can show

that the i—component of the viscous force per unit volume is given by:

80’1']'
visc,s = . 2.14
e = o (214)

The viscous stress tensor we have calculated above, and which results from the defor-
mation of the fluid elements, vanishes when there is no velocity gradient. In that case, the
only stresses are due to pressure. We define the total stress ¥;;, which has contributions

from both viscosity and pressure, as:

Yij = 04 — poij, (2.15)

where p is the pressure. The minus sign comes from the fact that a fluid element which is
at rest is under compression, and the Kronecker symbol is required because the pressure
force acts perpendicularly to the surface. Pressure, therefore, only enters the component
of the stress which is along the direction j in which the normal points. This expression

for the total stress appears naturally in the equation of motion (see eq.[2.19] below).

Many fluids are not Newtonian, meaning there is no direct proportionality between
stresses and rates of strain. This can be due to the presence in the fluid of objects which
are large compared to the atomic scale, although small compared to the characteristic
lengthscales of the flow. This is the case for suspensions, which are heterogeneous mixtures
containing solid particles (e.g., muddy water, dust in air, etc.), biological fluids (e.g., blood)
or molten polymeres containing macro—molecules. The study of the relation between a
stress applied on a material and the resulting strains (deformation) and strain rates is

called rheology.

2Tt is interesting to contrast expressions (2.12) and (2.13) of the viscous stress tensor with that of the
stress tensor obtained for solid bodies, regarded as continuous media. Within the linear theory of elasticity,
that is to say in the context of small deformations, the stress tensor for isotropic bodies is given by Hooke’s
law:
Tij =2 (Eij - %&'jﬁkk) + Kekrdij,

where p and K are the shear and bulk moduli, respectively (also called moduli of rigidity and compression).

Here, €;; is the strain tensor which, for small deformations, is given by:

o l 867; + 8ej
€= 2 a.l‘j 81'1 ’

where ¢; is the ¢ component of the displacement vector due to the deformation. The quantity €;; gives

the change in an element of length when the body is deformed. Therefore, in an elastic solid, the stress
tensor is proportional to the strain tensor, whereas in a liquid it is proportional to the rate of strain tensor.
In a solid body, internal stresses are due to forces of interaction between molecules which are displaced
when the body is deformed. Within the theory of elasticity, the body recovers its original shape when the
external applied force is removed. There is no dissipation of energy: mechanical energy is stored in the

deformation and regained after the external force is removed.
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There are broadly three reasons why a fluid may be non—Newtonian:

e the relation between the shear rate e;; and the stress o;; is non-linear; for example,
the effective viscosity 7., defined as the ratio of stress to shear rate, decreases when

the shear rate increases (shampoo, wall paint, ketchup, etc.),

e the relation between the shear rate and the stress depends on time; for example, neg

decreases with time, under constant stress (ketchup, cytoplasm, semen, etc.),

e the behavior is a mixture of viscous and elastic responses; the silicone silly putty
ball is an example of such a material, as it spreads out like a liquid when left on a
table under constant stress, whereas it bounces elastically off the ground (i.e. when

subject to a high stress).

Although these fluids are extremely important in a vast number of areas, we will only

concentrate on Newtonian fluids thereafter.

2.2 Equation of motion for a fluid

We now write Newton’s second law of motion for a fluid. This leads to the so—called
Navier—Stokes or Euler equations depending on whether the fluid is viscous or not, respec-
tively.

2.2.1 Navier—Stokes equation

We consider an arbitrary fized volume V of the fluid delimited by a closed surface S, which

///V pu; AV.

This momentum varies due to particles entering and leaving the volume (in other words,

momentum in the i—direction is:

there is a flux of momentum advected by the fluid across the surface), and also because
of forces exerted on the surface and on the volume itself. In the same way that the total
mass leaving the volume V' per unit time is the integral of pv - dS over the surface (see
eq. [1.19]), the i—component of the momentum advected by the fluid across the surface

per unit time is the integral of pv;v - dS over the surface. Therefore, Newton’s second law

d
1t W PY; dV = — # PUV - ds + ﬂ fsurf,z’ dsS + // fvol,i d‘/, (216)
dt \% S S 14

where fqurt,; is the i—component of the force exerted on the surface per unit area and fy1;

gives:

is the i—component of the force exerted on the volume per unit volume. Viscous forces
can be dealt with either by integrating the shear stress given by equation (2.1) over the

surface, or by integrating fyisc given by equation (2.14) directly over the volume. Both
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integrals are identical, as can be shown by using the divergence theorem®. Here we use

the force per unit volume, so that the contribution from the viscous force is:

80’@'
dv.
///v Oz

Therefore the only force contributing to the surface integral is the pressure force, and we

have fgut; dS = —p dS - X;, where p is the pressure, —p dS is the pressure force acting on
the surface dS, and X%; is the unit vector along the i—axis.

As the volume is fixed, we can move the time—derivative inside the integral on the left—
hand side of equation (2.16). By using the divergence theorem to transform the surface

integrals on the right—hand side into volume integrals, we then obtain:

JII 5 emrav =
_//VV.(Pviv)dV—//VV-(pfci)dV—k///Vg(Z dv_///vpgidv’ (2.17)

where we have included the gravitational force acting on the volume in the last integral

on the right—hand side, with g; being the i—component of the acceleration due to gravity.
The minus sign is due to the fact that we choose g; to be positive. Other forces could be

added as well. As this relation is satisfied for any volume V', we have:

0 Op  Oojj
—(pvi)) + V- (pvv) = — L — pgi, 2.18
gi (Pvi) +V - (puiv) = —5 =~ + o, P (2.18)
where we have used V - (px;) = dp/0z;.
We remark that this equation can also be written as:
g(v~)+i(v~v»+ 8 — 0ij) = —pg; (2.19)
ot PY; 833j PUV; T PO ij) = —PYis .

which makes it clear that the flux of the ¢ component of the momentum in the j direction,
pviv; + pdi; — 045, has contributions from both advection (transport by the flow, pv;v;
term) and molecular transport (pressure and viscous forces, pd;; — o;; term).

The left-hand side of equation (2.18) can be written as:

v

dp
v; <8t+V'(pv)> +p8t +p(v-V)u,,

where the term in brackets is zero because of mass conservation (eq. [1.21]).

3For the tensor oij, the divergence theorem can be written as:

80’ij #
dV = oi;n;dS,
///v Oz; JJ s o

where n; is the j—component of the unit vector normal to the surface. This surface integral is equal to

fIs TidS (see eq. [2.1]), where T; is the i—component of the viscous force exterted by the fluid outside the

volume element onto the surface.
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Equation (2.18) then becomes:

8vi
ot

_19p 100y
pOx;  p Oz,

+(V'V)Ui:

— g;. (2.20)

We now consider the case when compressibility effects are negligible, so that o;; is given
by equation (2.13). Making the sum over repeated indices explicit, we then obtain for the

viscous force:

80@' B 82% 0 8vj
0z B ”Z [83}3 + ox; <(9x]>

Jj=1

=V +1 0 (V-v) =0V,

89%

where we have assumed that 1 does not depend on the space coordinates, which is valid

in a homogeneous fluid.

Equation (2.20) can then be written in vectorial form as*:
0 1
EAAN (v-V)v=—-Vp+vViv+g. (2.21)
ot p

where we have used v = n/p and g = —¢;%X;. This is the so—called Navier—Stokes equation,

valid for an incompressible Newtonian fluid. It is a inhomogeneous non-linear partial
differential equation which is first or second order depending on whether v is zero or not,

respectively.

Using equation (1.6), Navier—Stokes equation can also be written as:

Dv 1 9
_— = —— . 2.22
D prJruV v+g (2.22)

This means that the Lagrangian acceleration is equal to the sum of the forces per unit
mass. This equation could also have been obtained using a Lagrangian approach, that is
to say by writing that the change of momentum of a fluid element moving with the fluid
was equal to the sum of the forces exerted on that fluid element, as done in section 1.6.2

for mass conservation.

The mass conservation equation (1.21) and Navier—Stokes equation above provide four
scalar equations for five unknowns, which are the three components of the velocity, pressure
and density. If the flow is incompressible, we also have equation (1.25), so that the
system of equations is close. However, when the flow is not incompressible, we have
to add an energy equation, or an equation of state relating p and p. In most of the

situations studied in these notes, the density p will be taken as a constant, so that the

4In cartesian coordinates, the components of the vector Vv are VZv,, V2vy and V2v,. That is to
say, the definition of V2v makes explicit reference to cartesian coordinates. It follows that, in cylindrical
coordinates for example, as the unit vectors depend on the coordinates, the components of V2v are not

2
V Vr,0,z-
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mass conservation equation will automatically be satisfied. The incompressibility and
Navier—Stokes equations are then sufficient for determining the properties of the flow,
assuming boundary conditions (see below).

In general, the non-linear term (v - V) v makes it impossible to derive an exact solution
to the Navier-—Stokes equation, and one has to rely on solving it numerically. Only when
the non-linear term is negligible, which happens for very low speed and/or very viscous

flows (see below), can an exact solution be found.

2.2.2 Reynolds number

As mentioned above, the flux of momentum is due to both advection and molecular trans-
port, the latter manifesting itself through pressure and viscous forces. Here, we compare

the advection, also called inertial, and viscous terms. Using equation (2.21), we see that:

inertial term (v - V) V]|

viscous term  [vV2v|

If U is a typical velocity of the flow and L is a characteristic lengthscale, then a spatial

derivative of a component of v is on the order of U/L. We then obtain the approximate

relation:
ir.lertial term U?/L ' (2.23)
viscous term  vU/L?
This ratio is called the Reynolds number Re and we therefore have:
L
Re = U— (2.24)
v

Note that Re can also be interpreted as the ratio of timescales. If advection is the only
source of momentum transport, then dv/0t = (v - V) v, so that the timescale for advection
over a lengthscale L is 7,4y ~ L/U. In the opposite case, when viscosity is the only source
of transport, we have the diffusion equation dv /0t = vV?v, and the timescale for diffusion
over a lengthscale L is 7qif ~ L?/v. Therefore, Re ~ Tgit /Tady-

Large Reynolds numbers correspond to flows where the advection term is dominant over
the viscous term, or equivalently where the advection time is much smaller than the viscous
time. Viscous effects in that case are usually negligible. However, when velocity gradients
are very large, as in a boundary layer, the estimates above are not valid anymore and
viscosity still plays a role.

It is interesting to relate the Reynolds number to the correlation coefficient between
the components of the fluctuating velocity in the flow. Using equations (2.5) and (2.24),
with U ~ v,, we can write Re = ML/), and therefore C = M?2/Re, where C is given
by equation (2.10). So large Reynolds numbers correspond to a small correlation between
the components of the fluctuating velocity. This is a consequence of the small value of the
ratio of the mean free path to the scale of the mean flow and it means the state of the
flow is not affected by the molecular transport of angular momentum. In other words, the

flow and the molecular transport are completely decoupled.
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2.2.3 Dimensional analysis and similarity

Before computers were routinely used to assist de-
sign and manufacture of aircrafts, wind tunnels
were a common tool to test an object in flight. In-
stead of the object actually flying through stand-
ing air, the air is made to move past the object
which stays at rest. Although some wind tunnels
were large enough to test full-size aircrafts, scale

models were commonly used for tests to be carried

out in smaller tunnels.
(Model flight in windtunnel, NASA)

The important question is then: how to make sure that the scale model is similar to (i.e.,
has the same properties as) the prototype to be tested? First, the scale model has to be
geometrically similar to the prototype, that is to say they can be transformed into one
another by changing all linear dimensions in the same ratio.

We are now going to obtain the other conditions by first rewriting Navier—Stokes

equation (2.21) under the form:

% +(v-V)v= —;Vp + vV — g2. (2.25)

where z is the unit vector in the vertical direction. Through the boundary conditions, the
flow depends on the shape and velocity of a body moving through the fluid. The above
equation is valid for an incompressible fluid, and we further assume that p is uniform.
We introduce the typical velocity U of the flow, its characteristic lengthscale L (which is
that of the embedded body when there is one present), a characteristic timescale 7" and
a characteristic scale of pressure variation AP (the variation being measured from the
hydrostatic pressure). The inertial force® (v - V) v, pressure force Vp/p and viscous force
vV2v per unit mass are on the order of U2/L, AP/(pL) and vU/L?, respectively. We also

define the following dimensionless variables:

flT Gl Y gt oo p
V=1 t—T, P=3p (2.26)

Substituting these variables into equation (2.25) then yields:

L& /(. =N. AP=—_ v - gL,
et (v : V) V= m Vi V- (2.27)

®The term p (v - V) v is not a physical force, but it has the dimensions of a force per unit volume. In
steady state, it is the force that has to be exerted on a unit volume of the fluid to bring it into motion at

the velocity v, counteracting its inertia, or, equivalently, to bring it to rest if it has this velocity.
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where V = LV. Since L and T are the characteristic scales, the dimensionless time and
space derivatives are of order unity. This equation reveals the following dimensionless
numbers:

e Reynolds number Re = UL/v: ratio of the inertial force U?/L to the viscous force
vU/L? (already introduced above),

e Froude number (squared) Fr? = U?/(gL): ratio of the inertial force U%/L to the
gravitational force g,

e Euler number, or pressure coefficient, Fu = AP/(pU?): ratio of the pressure force
AP/(pL) to the inertial force U2/L,

e Strouhal number St = L/(UT): ratio of the local acceleration U/T to the inertial
force U2/ L.

Equation (2.27) can be written in terms of these dimensionless numbers:
ov - o)~ =~ 1 =5 .
Sta% + (V- 9)¥ = —BuVi+ V- (2.28)
e

This equation shows that, in two different flows with different viscosities moving past
objects with different dimensions, the dimensionless velocities v .= v/U are the same
functions of T = r/L and t = t/T as long as the numbers Re, Fr, Fu and St are the same.
Two such flows are called similar, as they can be transformed into one another by scaling
the lengthscale, velocity, time and pressure.

This scaling ensures kinematic similarity, as illustrated on the figure below in the case of

a model for waves:

Prototype

waves:

—
= = N =

Period T, - Vv

F r

Ay = “’/‘l'
- -
H, = aH,

Model ! Cn=Cpla
Mode M

— i — p =
wiaves: — —_ N e

\ ., ,
vV, = \',‘ e

Period Tm = II' /4
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Keeping the ratio of the forces constant ensures dynamic similarity, as shown on the figure
below for a sluice gate flow in which the prototype and the model have identical Reynolds

and Froude numbers:

il <

2.2.4 Incompressibility revisited

Here we consider a steady flow (very small St) with high Reynolds number Re. Ignoring
gravity and using the fact that (V : 6) V’ is on the order of unity, equation (2.28) indicates
that Eu ~ 1, that is to say pU® ~ AP (this is because acceleration in such a fluid is driven
by pressure gradients). The pressure variation AP within a fluid element induces a density
variation Ap of this fluid element, and these are associated with sound waves propagating
through the fluid with the velocity cs such that ¢ ~ AP/Ap, as will be shown in a later
chapter. Therefore pU? ~ AP implies pU? ~ c2Ap or, equivalently:

B2 e, (2.29)

p

where M = U/c; is the Mach number.

A fluid is incompressible if the density of an element within it does not change when
subject to pressure gradients. Therefore, compressibility can be neglected if Ap/p < 1,
that is to say if M < 1. In other words, flows with velocities low compared to the sound
speed in the fluid behave as if the fluid were incompressible. This is because any surdensity
created by compression of a fluid element is transported away by sound waves much more
rapidly than the time it takes the fluid element to move. To a good approximation, the

fluid element therefore retains a constant density as it moves®.

51f a fluid element does not exchange heat with its surrounding, that is to say if the flow is isentropic,
which is the case when viscosity can be ignored, then a pressure variation Ap results in a density variation
Ap such that Ap/p = vAp/p, with v being the adiabatic index, or ratio of heat capacity at constant

pressure to heat capacity at constant volume. Therefore, an incompressible flow corresponds to v — oc.
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Typically, air is approximated to be incompressible for Mach numbers below 0.3, for
which the relative change in density is smaller than about 10%.
2.2.5 Euler equation for an inviscid fluid

Navier—Stokes equation is the equation of motion for an incompressible Newtonian (vis-

cous) fluid. If the viscosity is zero, it reduces to Euler equation:

ov
P ot

which is valid even if the fluid is compressible. A fluid with no viscosity is called inviscid.

+p(v-V)v=-Vp+ pg, (2.30)

A fluid which is both inviscid and incompressible is called ideal, or perfect. It is usually
an approximation, as the only ideal fluid is superfluid liquid helium: at a temperature
of 2.172 K, the viscosity of He? vanishes (He® also becomes a superfluid but at a much

smaller temperature).

2.3 Boundary conditions

To calculate the velocity field v(r, t) of a fluid in motion, Navier—Stokes (or Euler) equation
has to be solved, and this requires to specify both the initial conditions and boundary

conditions.

2.3.1 Rigid boundary

Here we focus on a fluid which is in contact with a solid surface.

No—penetration condition:

A fluid which moves past a solid object cannot penetrate the object, and therefore the
component of the relative velocity perpendicular to the surface of the object is zero. In
other words, the normal component vy, guiq of the fluid velocity at the boundary has to be

equal to the normal component of the velocity of the boundary itself:

Un,fAluid = Un,boundary- (231)

If the boundary is at rest, then v, guiq = 0 there.
The above condition implies that streamlines lie on the surface of rigid boundaries and,
more precisely, in two dimensions, rigid boundaries are streamlines.

Note that the no—penetration condition only applies if the boundary is impermeable.

If it is porous, fluid can be injected into or sucked from the volume at the boundary.
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No—slip condition for a viscous fluid:

If the fluid is inviscid, it generally slips parallel to the boundary and there is no constraint
on the tangential component of the fluid velocity.

In a viscous fluid however, it is an observational fact that, in normal conditions, the
relative velocity parallel to the surface of the object is zero. That is to say, the tangential
component v; quiq of the fluid velocity at the boundary is equal to the tangential component

of the velocity of the boundary itself:

Ut fluid = V¢t,boundary - (232)

This implies VAuid = Vboundary for a viscous fluid. This is called the no-slip condition,
and it holds however small the viscosity may be. It can be understood by noting that any
discontinuity of the velocity at the boundary would lead to a very large stress (as the stress
depends on the gradient of the velocity) which would act to eliminate the discontinuity. In
other words, molecular transport at the surface prevents any slipping of the fluid parallel
to the boundary.

This condition was debated starting in the 19" century, as it was realized that molec-
ular interactions at the boundary may not lead to a stress similar to that in the interior
of the fluid. Although the no-slip condition is supported by observations at macroscopic
scales for simple fluids, slip over a rigid surface does occur in some cases. For exam-
ple, complex fluids like polymer melts slip over solid boundaries, in a complicated process
driven by the entanglement of the molecules. Boundary slip may also occur at microscopic
scales (smaller than a micron), and is therefore important in microfluidics, which deals
with flow of liquids through micrometer-sized channels.

In the rest of these notes, we will only deal with simple fluids at macroscopic scales
and will therefore assume that the no—slip condition holds for a viscous fluid.

This no—slip condition has important consequences for fluids with very small viscosity
(like the air) moving past an aerofoil (for example, cross-sectional shape of a wing). If the
viscosity of the fluid is neglected, then the flow is found to slip over the surface. However,
if the no—slip condition is enforced, the velocity varies very rapidly near the surface of
the aerofoil to adjust to the boundary condition. This creates a large stress according to
equation (2.13), even if the viscosity is very small, and results in a boundary layer in which
the structure of the flow is completely different than in the inviscid case. Therefore, even
though the viscosity can be neglected in the interior of the fluid, it cannot be ignored near

the boundary. Boundary layers will be discussed later in these notes.
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2.3.2 Interface between two fluids

We now examine the boundary conditions when the fluid is in contact with another fluid,
rather than a solid surface.

Continuity of the velocity:

When there is no mass transfer between the two fluids, conservation of mass implies

that the normal component of the velocity is continuous across the interface. (Mass trans-

fer may occur, e.g., at a liquid-gas interface when the liquid evaporates.)

A
n

This can be seen by writing the mass con-
servation equation (1.22) for the small
volume V represented on the figure and
spanning the interface, where both the
volume and the interface are moving with
the flow :

Pl pd ///D”dVJr///prdv_o.
v Dt v

We take the limit € — 0. Then the first term on the left—-hand-side vanishes. The second

term can be transformed into a surface integral using the divergence theorem, so that the

#pv-dS—O,
S

where S is the surface that delimits the volume V. In the limit ¢ — 0, the lateral

equation becomes:

surface does not contribute to the integral and we obtain the so—called kinematic boundary

condition:

V2-fl—V1'fl:0, (233)

where 10 is the unit vector normal to the interface and the minus sign is due to the fact
that dS in the integral has to be oriented outwards.
As in the case of a rigid boundary, the above condition implies that, in two dimensions,
the interface between two fluids is a streamline.
If the equation of the interface is given by z = f(x,y,t), then the kinematic boundary
condition can be formulated in the following way:
dz Of of of

Vie = T ot + Vieg + Ui,y@> (2.34)

where v; ;, v, and v; . are the components of the velocity in fluid 7, for 7 = 1,2. To
show that this is equivalent to the boundary condition written above, we assume that
the interface depends only on one coordinate, = for example. Then n = (—df/dz,1) is a

vector normal to the interface at x. Therefore, v; - n = —v;, (df/dz) + v; ., and this is
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equal to df /0t, so that vi-n = vy-n, which is equivalent to the boundary condition (2.33).

The no-slip condition described in the previous subsection in the case of an interface
between a viscous fluid and a solid applies as well when the interface is between two viscous
fluids. This implies that the tangential component of the velocity is also continuous across
the interface. Therefore, for viscous fluids, the velocity is continuous across the interface,

and equal to the velocity of the interface itself:
Vfuid 1 = Vfluid 2 = Vinterface- (235)

Surface tension:

Before discussing the other boundary conditions at the interface between two fluids, we
introduce the concept of surface tension, which is an important parameter for describing

the surface of a fluid or the interface between two fluids.

Within the volume of a fluid, a molecule is subject to attractive forces (e.g., hydrogen,
ionic or metallic bonds, van der Waals forces) from neighboring molecules in all directions,
so that the total force is zero. At the surface though, forces from molecules in the fluid
are not balanced and there is a net force pointing towards the interior of the fluid, as

illustrated on the figure below:

\__air N surface
liguid ==

cohesive lorces to neighbaring
malecules
missing cohesive farces to

7 meighboring molecules

F

Farce F directed of the interior
of the medium

waber molecule
%+ missing water malecule

(Credit: www.sita—process.com)

This force opposes any increase of the surface area. The surface tension, noted ~y, is defined
as the work per unit area that has to be done to increase the surface. For example, if
the surface is a rectangle with length L, the energy that has to be supplied to stretch its
width by dl is dW = ~dS, with dS = Ldl. This can also be written as dW = Fdl, where
F is the force that has to be exerted to stretch the surface (and which is the opposite of
the force exerted by the surface). Therefore, F' = vL, so that - can also be defined as the

force per unit length exerted by the surface. The units of the surface tension are N/m.

The surface tension refers to a fluid which surface is in contact with vacuum. If the

surface is in contact with another fluid, the force exerted by this other fluid onto the
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surface modifies the surface tension and we talk about interfacial tension’. In the case
represented above where the interface is between a liquid and air, «y is positive. However,
~ may become negative when the interface is between two fluids or between a fluid and a
solid.

The effect of surface tension is to minimize the area of the interface, given of course
all the constraints that the interface is subject to. This is why soap bubbles or raindrops,
for which gravity is small, have a spherical shape: for a given volume, a sphere minimizes

the surface.

Continuity of the stress:

We now write Navier—Stokes equation (2.22) in an integral form for the small volume

element V represented on the figure used above for deriving the continuity of the velocity:

D
/// pl dv = # fsurr S + /// fool av,
v Dt s v

where f,,+ and f,, are the surface force per unit area and body force per unit volume
(e.g., gravity) exerted on the fluid element, respectively. As pointed out in section 2.1.3,
surface forces like viscous forces result in a net force on the volume of a fluid element,
and can therefore be written as volume forces as was done when deriving Navier—Stokes
equation. However, when the volume considered tends to zero, as here, viscous forces,
like pressure forces, have to be treated as surface forces. Therefore, f,+ has contribution
from viscous and pressure forces. When € — 0, the left—-hand-side of the equation above
vanishes. The first term on the right-hand-side gives fg,,r,1 dS + fourr2 dS, where fg,11
(fourt,2) is the force exerted by fluid 1 (fluid 2) on the area d.S of the interface. Finally, the
second term on the right—hand-side reduces to fiens dS, where fio,s is the surface tension

force at the interface. Therefore, we obtain at the interface:
fsurf,l + fsurf,2 + ftens =0. (236)

If the surface tension is negligible, this condition implies that the total stress (including

pressure) is continuous across the interface. Projected onto the i—axis, this gives:

(O'Z(;) - p(2)5ij) nj — (O'i(;) - p(l)(sij) n; =0, (2.37)

where ai(; )

2)

]

and p(!) are the stress tensor and pressure at the interface in fluid 1, and

o:;) and p® are the same quantities at the interface in fluid 2. Here we have used the

"Interfacial tension also occurs when the fluid is in contact with a solid. This leads to capillarity, which
is the process by which a liquid in contact with a solid can rise or fall along the solid. Whether the liquid
rises or falls depends on the balance between the forces of adhesion (interaction between the molecules in
the liquid and that in the solid), cohesion (interaction between the molecules within the liquid) and any
other force present (e.g., gravity). The same competition between adhesion and cohesion explains why in

some circumstances (e.g., hydrophobic surface) the no-slip boundary condition does not apply.
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expression (2.1) of the stress, and the minus sign in front of the second brackets comes
about because the normal 0 is oriented from fluid 1 to fluid 2.

The above condition implies that the tangential viscous stress is continuous across the
interface, as pressure acts only perpendicularly to the interface.

If both fluids 1 and 2 are inviscid, and surface tension is negligible, there is no tangential

stress and equation (2.37) implies that pressure is continuous across the interface.

2.3.3 Free surface

When the interface is between a liquid and a gas, it is referred to as a free surface. We

treat it separately because it is an important particular case.

Kinematic boundary condition:

The kinematic condition (2.33) is still valid but, here again, it can be formulated in a
more useful way by using the equation of the surface. For example, if this is given by
z = f(x,y,t), then we have at the surface:

_dz  Of af of

zZ — Ty, T ar T a 2.
v dt ot v ox +Uy8y (2:38)

and this is the kinematic boundary condition. If the free surface is stationary and depends
only on one coordinate, x for example, then v, /v, = df/dz, which means that the slope
of the streamline at the point z = f(x) is equal to the slope of the free surface, which is
expected as the free surface is a streamline. This is equivalent to the statement that the

component of the velocity normal to the boundary is zero.

Continuity of the stress:

If surface tension is negligible, the continuity of the stress at the interface, expressed by
equation (2.37), is also still valid, and this implies in particular that the tangential viscous
stress is continuous. Therefore, given that the viscosity of gases is usually very small, the
tangential viscous stress is zero at a free surface with no surface tension.

In addition, if the fluid is inviscid, continuity of the perpendicular component of the
stress implies that, at the free surface, the pressure force is equal and opposite to the surface

tension force.

2.4 The vorticity equation and Kelvin’s theorem

The vorticity equation expresses the conservation of angular momentum in a fluid. In this
section, we write the gravitational acceleration as the gradient of a potential, g = — V.
The results presented here are valid when other external forces are present, as long as they
are conservative, that is to say derivable from a potential. We also assume that the fluid
is incompressible and that the density p is constant through the fluid, although the results

would also be valid if p were not constant but a function of pressure only.
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2.4.1 The vorticity equation for an incompressible viscous fluid

With the assumptions listed above, Navier-Stokes equation (2.21) becomes:

% +(v-V)v=-V <1p) + x) + vV, (2.39)

We now use the vector identity:
Lo
(v-V)v=(VXV)XVv+V V)

to transform the equation above into:

0 1
a—‘t, +wxv=-V <2v2 + g + x> +vV3v, (2.40)

where w = V XV is the vorticity. Taking the curl of this equation then yields:

88‘;: + VX (wxv)=Vx (vV?v), (2.41)

as the curl of a gradient is zero. We now use the vector identity:

VX (wxv)=(v- V)w—(w-V)v+w(V-v)—v (V- w),
togeter with V - w = 0 (the div of a curl is zero) and V - v = 0 (incompressibility), and
also® Vx (V3v) = V2w, to rewrite equation (2.41) as:

%(:: +(v-Vw=(w-V)v+rViw, (2.42)

which is equivalent to the so—called vorticity equation:

]]))—‘: = (w-V)v+rViw| (2.43)

This is an equation which involves v and w only, which are themselves related. It can be
used instead of the Navier—Stokes equation to calculate the flow velocity, the advantage
being that it does not depend on the pressure.

This equation describes the transport of vorticity in an incompressible fluid in which
the external force is derivable from a potential. The term on the left—hand-side is the rate
of change of vorticity in a unit volume element moving with the flow. Contributions come
from V2w, which represents the rate of change due to molecular diffusion of vorticity (in
the same way that Vv represents the rate of change of momentum due to the diffusion
of momentum), and from (w - V) v, which produces vortex stretching and twisting. The

process of twisting generates vorticity in a direction from a vorticity which is originally

8By definition of V?, we have the identity VX (Vxv) = V (V- v) — V2v. In an incompressible fluid,
Vv =0, so that V*v = —V xXw. Therefore, VX (V*v) = —V X (VXw) = =V (V - w) + V’w. The div
of a curl is zero, so that V - w = 0, which yields V x (VQV) = Viw.
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in another direction. The process of stretching increases the magnitude of the vorticity if
the fluid element gets elongated in the direction of its vorticity.

As can be seen from the calculation above, non—conservative forces, if present, are a
source of vorticity. This is the case in particular of the Coriolis force, which appears
when we write Navier—Stokes equation in a rotating frame, and which is very important
in atmospheric physics. The Coriolis force, which manifests itself only over large scales

(hundred or thousands of kilometers), generates hurricanes but does not affect tornadoes.

2.4.2 Case of an ideal fluid and Kelvin’s theorem

When the fluid is inviscid (v = 0), the vorticity equation becomes:

Dw
B = @ V)v. (2.44)

This shows that, if the vorticity is zero initially, then it remains zero at all times.

This result can also be obtained by considering the circulation of the flow velocity

along a contour C":

I = ygv L. (2.45)

The rate of change of the circulation as the contour is moving with the flow is given by:

DI Dv D (dl)
— ¢ Y. Rl o’ 2.46
ot~ foor ¢ §év Dt (2.46)

The first integral on the right-hand-side can be calculated using equation (2.39) with

Dv P
.d1=—§1§V<+X).d1:o.
c Dt c \p

9.

v = 0, which yields:

The second integral on the right—hand-side can be written as

év-w:év<;v2)-dl:0.

9We note dl(t) = zﬁ where, at time ¢, theApgints A and B are at locations r and r + dl, respectively.
At time ¢ 4 dt, A has moved to A’ such that AA” = v(r)dt and B has moved to B’ such that

P ov
BB’ = v(r+dl)dt = v(r)dt + aT(I‘)dljdt.
J
We have d(dl
A'B' =dl(t +dt) =dI(t) + %(t)dt,

T | —
with d(dl)/d¢t = D(dl)/D¢. Using A'B’ = AA+AB+ BB', we then get D(dl)/Dt = (dv/dz;) dl;, so that

D(l) ov . 15
Ve =V adel]—V<2v) dL
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This yields Kelvin’s theorem:

% <§1§Cv : dl) =0. (2.47)

This means that the circulation along a
closed contour C' remains constant as the
contour moves with the flow, as illus-

trated on the figure. Kelvin’s theorem is

T, dl el a” valid whether the flow domain is simply

= o~ o’ connected or not.

Fluid elements
along a curve C;
at time 7.

The same fluid elements
at a later time ¢,. The
fluid elements now form
a different curve C,.

Using Stokes’s theorem, we can also write:

]]31;:]];<//9(va)@8), (2.48)

with S being the surface delimited by C, and where we have assumed that the vorticity

w = V XV is defined everywhere inside C. Kelvin’s theorem then implies:

% <//Sw : dS) = 0. (2.49)

Therefore, the flux of vorticity through a surface delimited by a contour C' remains constant

as the contour moves with the flow. In particular, if the flux of the vorticity is zero initially,
it remains so at all times. Since the contour C' can be taken arbitrarily small, this implies
that if the vorticity is zero initially, it remains so at all times, which is the result obtained

above already.

Note that equation (2.49) is not in contradiction with equation (2.43), which shows that
vorticity can be produced by stretching a fluid elements. Indeed, changes in the magnitude
of the vorticity are compensated for by changes in the area so that the integral above stays

constant as the element moves.
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The figure illustrates Kelvin’s theorem. A

ek vortex line associated with a fluid element

* _L is a line that points in the direction of

N w = VXv, and it is therefore perpendic-

ular to the streamline associated with that

vortex tube fluid element. A vortex tube is a bundle
. of vortex lines. A consequence of Kelvin’s

t=t; particle t=rt, theorem is that the vortex lines/tubes move

paths with the fluid.

A vortex line attached to some fluid element remains attached to that fluid element
as it moves with the flow. We say that the vorticity moves with the fluid. This is

Helmholtz’s theorem.

A consequence of equation (2.49) is that a vortez line cannot end in the fluid: it either
terminates at the boundaries or forms a closed curve. (If it ended in the fluid, there would
be no flux of vorticity through the surface delimited by a closed contour, so the flux of
vorticity would not be constant.)

We now examine the particular case of a two—dimensional flow in which v = v,X+v,y,
with X and ¥ being the unit vectors in the x and y directions, respectively, and where v,
and v, do not depend on z. Then w is in the z-direction and (w - V) v =w (0v/0z) = 0.

Therefore

D
D—L: = 0 for a 2D ideal flow |, (2.50)

assuming that it is subject to a conservative body force and it has a density p which is
constant throughout. This means that the vorticity of a fluid element is conserved as the
element moves with the flow. If the flow is steady, then the vorticity equation becomes

(v V)w = 0, which means that the vorticity is conserved along streamlines.

2.5 Conservation of energy and Bernoulli’s theorem

In the same way that the equation of motion in Mechanics leads to an equation expressing
conservation of energy, the Navier—Stokes equation can be re—written to express conserva-
tion of energy in a moving fluid. In an ideal fluid, this leads to the so—called Bernoulli’s

theorem.

2.5.1 Conservation of energy in an incompressible Newtonian fluid

The kinetic energy per unit volume is pv?/2 = pv -v/2, and its Eulerian rate of change is:

0 <pv2> = pv - ov 2 dp ‘8’01‘ 1}2@

o\ 2 ot " 2at o T2t

Substituting pdv; /0t using equation (2.20), we obtain:

50



0 P” _ L ot op o Doy o v?0p
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Using the fact that the fluid is incompressible, so that dv;/0z; = 0, and the mass conser-

(2.51)

vation equation 0p/dt = —v;0p/0x;, the equation above can be written as:

9 (pv 0 1, o o Ov;
o, \ 270 ) T gy NPT g N i i9i- 2.52
8t< ) Ox;j <2pv vj) o (vip) + Bz (vioij) — 038 — pUigi (2.52)

Each of the first three terms on the right—hand-side is a divergence. We now integrate
this equation over a fixed volume V' and use the divergence theorem to transform these

three terms into a surface integral:

d pv? B 1 5
dt//vzd\/——#;va v-dS — ﬂpv dS—i—#vzawnde
81}1
M vol * vdV — /// Oij 7 — 833‘] , (253)

where f,,] = pg is the gravitational force (to which we may add any other body force acting
on the fluid) and n; is the j—component of the unit vector n normal to the surface. Since
the volume is fixed, we have moved the time derivative outside the integral on the left—
hand-side. This equation means that the rate of change of kinetic energy in the volume
V (term on the left-hand-side) is equal to the sum of the terms on the right-hand-side

which are, in the order they are written:
e flux of kinetic energy advected by the fluid across the surface,
e work done per unit time by the pressure force —pdS exerted on the surface,

e work done per unit time by the viscous force exerted on the surface (the i~component

of the viscous force per unit surface area is o;;n;, as given by eq. [2.1]),

e work done per unit time by the gravitational force (or any other body force) exerted

on the volume,
e irreversible energy dissipation rate due to viscosity'?; we denote this term D.

The work done by the pressure and gravitational forces leads to a rate of change of kinetic
energy which is stored as potential energy and returned without loss to the system when

the forces are removed. By contrast, the work done by viscous forces is only partially

10The fact that this term leads to energy dissipation can be shown by writing the equation of conservation

of entropy, which takes the form:
Ds ov;

T— =o0ij—,
Dt 7is 811]'
where s is the entropy and T is the temperature (e.g., Landau & Lifshitz, Chapter V, §49).
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returned when the forces are removed: an amount D of energy per unit time is irreversibly
transformed into thermal energy (i.e. energy of ordered motion transferred into disordered
motion).

As the stress tensor is symmetrical, and making the sum over repeated indices explicit,

we can write:

3 3 3 3

1 1
”81“ ZZ ‘71j+aﬂ ZZ 20”3 +ZZ2U”8:U

=1 j=1 =1 j=1 7j=11i=1
where we have interchanged the indices in the second double sum. For a Newtonian
incompressible fluid, o;; is given by equation (2.13), and therefore the rate of energy

dissipation can be written as:

D:///awgvz dv_2n///ve,2jdv

: - . 2 2 4.2 42 2 2 2
where summation over ¢ and j means that e;; = ey + €35 +e33+2e7, +2€73 + 2e33, since ¢;;

(2.54)

is symmetrical. As D expresses an irreversible dissipation of energy, it has to be positive,
which implies 7 > 0. Not surprisingly, D is related to the rate of change of the deformation
ej; of fluid elements. In a solid, the energy D may be stored as potential energy of elastic
deformation and returned to the system when the deformation is removed. However, in a

fluid, this corresponds to an irreversible loss of kinetic energy.
It is interesting to compare the work Wy,,+ done by the viscous forces which are exerted

on the surface of a volume V' with the work Wy, done by the resultant viscous force per

unit volume given by equation (2.14). They can be written as:

Wsurf = # UiTZ'dS = # viaijnde’ = // 78 ('Uio'ij) dV,
S S v O;
vol /// ao_” dV = Wsurf
al']

Navier—Stokes equation (2.20) multiplied by v; and integrated over a volume V' yields:

Dv;
/// DZ AV = W, + Wyor + W,

where W, and Wy are the work done by pressure and gravitational forces, respectively

and:

(note that here the work done by surface pressure forces is equal to the work done by
the resultant pressure force per unit volume, as the fluid is incompressible). Therefore,
the rate of change of kinetic energy is related to W,,. However, this quantity does not
represent the work done by viscous forces when the velocities vary across the volume,
because in that case the surface forces are exerted at points which move with different
velocities. If the velocity were uniform throughout the volume, Wy, would be equal to
Weswt and there would be no dissipation. In that case, the work done by viscous forces

results only in a change of the bulk velocity of the volume. However, when the velocity is
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non uniform, Wyt = Wy + D, where Wy is the part of the work that changes the bulk
velocity of the fluid and D is the part that deforms the volume without changing its bulk

velocity.

2.5.2 Conservation of energy in a steady ideal fluid: Bernoulli’s theorem

We now focus on the particular case of an ideal fluid, which is both incompressible and
inviscid (v = 0). Although we could just use the equations above with o;; = 0, we
obtain more general results by re—deriving the conservation energy equation from Euler’s

equation (2.30). Writing the gravitational acceleration as the gradient of a potential,

g = —Vy, and assuming p to be constant throughout the fluid, this equation becomes:
ov 1
pE—Fp(VXV)XV:—V <2pv2+p+px> . (2.55)

(eq. [2.40]) with v = 0 and in which we have replaced w by V Xv).

Bernoulli streamline theorem:

We now consider a steady flow and take the dot product of equation (2.55) with v. As the
vector (V Xv) Xv is perpendicular to v, this yields:

(v-V) <;pv2 +p+ px> =0, (2.56)

which means that the quantity

1
H= ipUQ + p + px is constant along streamlines. (2.57)

This is called Bernoulli’s theorem, and is valid for a steady, inviscid and incompressible fluid
in which p is constant throughout the fluid. It implies that, if the gravitational potential
is constant along a streamline, the flow accelerates when the pressure decreases'’.

The quantity pv?/2, which is the kinetic energy per unit volume, has the dimensions
of a pressure and is called the dynamic pressure, and p + pv?/2 is the total pressure. The
fact that H is constant along streamlines can be understood by noting that, when the

pressure p is increasing in the direction of the flow, fluid elements have to do work against

1 Bernoulli’s theorem is responsible for the cavitation phenomenon, which is the formation of vapor
bubbles in a fluid when the velocity increases sufficiently that the pressure drops down to the saturation
vapor limit. This happens for example behind the blade of a rapidly rotating ship propeller. Due to the
higher pressure of the surrounding medium, the bubbles subsequently collapse, emitting large amplitude
shock waves which release energy locally and damage the blades of the propeller. This emission of shock
waves enables to detect military submarines. Cavitation bubbles are also used in a range of medical
procedures to deposit energy non—intrusively, for example to target cancer cells or break kidney stones.
Cavitation bubbles are also an efficient tool for Mantis shrimps to catch their preys: the rapid motion of
the claws generates bubbles which, when they subsequently collapse, produce a measurable force on the
prey that can be enough to kill it.
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the pressure gradient and therefore loose kinetic energy. In the opposite case, when the
pressure p is decreasing, fluids elements gain kinetic energy. The quantity H is often

referred to as the total enthalpy per unit volume.

Bernoulli’s theorem for irrotational flow:

In an irrotational flow, VXv = 0, and v can be written as the gradient of a velocity

potential ¢: v = V¢ (see section 1.8.1). Therefore, equation (2.55) implies:

96 1
paff + 5o+ ptpx = C(1), (2.58)

where C' is a function of time only. The quantity on the left—hand side is therefore constant

throughout the whole fluid at any given time. Since any function of time can be added to
¢ without changing the velocity, the function C(¢) can be subsumed into d¢/dt by adding
(1/p) fti) C(t")dt' to ¢, where ty is an arbitrary constant. Therefore, Bernoulli’s theorem

becomes:

dp 1 o
Z =0. 2.
P TPv HP X =0 (2.59)
If the flow is steady, then
1
H= §p112 + p+ px is constant throughout the whole fluid, (2.60)

but here the constant is not necessarily zero. This is an extension of Bernoulli’s theorem
which is valid for a steady, inviscid, incompressible and irrotational fluid in which p s

constant throughout.

2.6 Examples of viscous flows and very viscous flows

Couette, Poiseuille and Stokes flows are studied in Problem Set 2.
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Chapter 3

Potential lows

A potential flow is a flow which is both inviscid and irrotational. The name comes from the
fact that, in an irrotational flow, the velocity can be written as the gradient of a velocity
potential.

In the previous chapter, we have established Kelvin’s theorem, which states that if
an inviscid flow has no vorticity initially, it has no vorticity at all subsequent times and
therefore remains a potential flow (provided the external force is derivable from a potential
and the mass density is constant throughout the fluid). In particular, a flow which is at
rest initially is a potential flow.

There is a difficulty near a solid boundary though, as may occur if an object is immersed
in the flow. As we have already pointed out in section 2.3.1, viscosity cannot be ignored
near a rigid boundary, even if it can be neglected in the interior of the fluid. The large stress
that results from the flow velocity adjusting to the boundary condition creates a boundary
layer in which viscous effects are important. Potential flow theory does not apply in such
boundary layers, which will be studied in the next chapter. However, the flow moving
past a solid object may still be calculated using the potential flow approximation in the
outer regions if the Reynolds number is large there (larger than about 25), and matched
to boundary layer approximations near the object.

In this chapter, we will be concerned with irrotational high Reynolds number flows,
approximated as inviscid. We will also limit our study to incompressible fluids.

Important applications of potential flow theory include water waves and outer flows
(away from the boundary layers) around aerofoils, which are the cross—sectional shape of
an object designed to generate lift when moving through a fluid, like a wing, blade or sail.
The study of the motion of air past an aerofoil is called aerodynamics. As pointed out
in section 2.2.4, air is approximated to be incompressible for Mach numbers below 0.3.
Therefore, although incompressible potential flow theory would not apply to commercial
aircrafts, which cruise at speeds of Mach larger than 0.8, it is important for low—speed
aerodynamics. The Reynolds number Re = UL /v depends on the characteristic velocity
U of the flow and on the characteristic lengthscale L over which parameters vary. In the
case of aerodynamics, L is the size of the aerofoil. Therefore, high Reynolds numbers

are achieved for high-speed flows around larger objects. In the case of waves, L is the

55



wavelength, so potential theory applies to large scale disturbances.

3.1 General properties of potential lows

In this chapter, we make the following assumptions:

e the flow is inviscid (v = 0),

the flow is irrotational (VXv = 0),
e the flow is incompressible (V - v = 0),

e p is uniform throughout the fluid,

the external force is gravity with the gravitational acceleration given by g = —Vy.

The condition VXv = 0 implies that the velocity can be written as the gradient of
a velocity potential ¢: v = V¢. As pointed out in section 1.8.1, ¢ is a single—valued
function of position only if the flow domain is simply connected. Also, ¢ is not uniquely
defined by the equation above: any function of time can be added to a solution without
modifying v.

Incompressibility yields:

V.-v=V%p=0| (3.1)

which means that ¢ satisfies Laplace’s equation. The boundary conditions for ¢ follow
from the boundary conditions for v. If the boundary is rigid, equation (2.31) implies that
the normal derivative of ¢ on the surface (that is to say, the derivative in the direction
of the normal to the boundary) is equal to the normal component of the velocity of the

boundary itself:

9¢
a) = Un,boundary - (32)
" /) surface
If the boundary is an interface between two fluids, then equation (2.33) implies:

¢ _ %

_ . (3.3)
8”) fluid 1, surface an) fluid 2, surface

The no—slip condition does not apply here as the fluid is inviscid.

It can be shown that, within a simply connected flow domain, Laplace’s equation has
a unique solution in the two following cases: (i) the flow domain is bounded and the
boundary condition (3.2) is satisfied at each point of the boundary, (ii) the flow domain
is not bounded but the boundary condition (3.2) is satisfied at any rigid surface and the
velocity matches that of the fluid at infinity (e.g., flow moving past a sphere).
If the flow domain is not simply connected, other conditions have to be added for the
potential to be determined uniquely.

Calculating ¢ from Laplace’s equation and then v from V¢ is much easier than cal-

culating v directly from Euler’s equation, because Laplace’s equation is linear whereas
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Euler’s equation contains the non-linear term (v - V) v. Once the velocity has been ob-

tained, the pressure can be calculated from Euler’s equation (2.30), which we recall here:

ov
P ot
We also recall Bernoulli’s theorem (2.59), as satisfied by incompressible potential flows:

+p(v-V)v=-Vp+pg. (3.4)

9¢
P ot
Finally, as we have seen in section 1.8.3, if the flow is two dimensional, as it is also

1
+ 5,01)2 + p+ px is constant throughout the whole fluid. (3.5)

incompressible, we can define a stream function v such that:

oY oY
Vy = ?y’ and Uy = —a, (36)
in cartesian coordinates (x,y) or:
1oy o
Ur =g and vy = 5 (3.7)

in polar coordinates (r,#). The lines 1) = constant are streamlines.
Like ¢, 1 is not uniquely defined by the equations above: any gradient (in addition to any
function of time) can be added to a solution without modifying v.

Since the flow is irrotational, and noting z the unit vector in the z—direction:

Vxv=-V%z=0]| (3.8)

which means that 1 satisfies Laplace’s equation in a two dimensional potential flow.

3.2 Simple potential flows

Because Laplace’s equation is linear, different solutions for ¢ (and v in two dimensions) can
be superposed to yield new and more complex solutions. This is why it is worth studying
very simple potential flows which may not be very realistic, but can be superposed to
construct more interesting flows.

3.2.1 Uniform parallel flows

This is a flow such that v = Ux where U is a constant and X is the unit vector along the

x—axis. The vorticity is clearly zero for this flow. The condition v = V¢ then implies:
¢o=Uxzx. (3.9)
If the flow is two dimensional, then equations (3.6) yield:
Y =Uy. (3.10)

It is easy to verify in this simple example that ¢ = constant, that is to say y = constant,
is the equation of the streamlines and that the streamlines and equipotential lines (given

by ¢ = constant) are perpendicular to each other.
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3.2.2 Line vortex flow

This a two dimensional flow such that, in polar coordinates:

v:£$, (3.11)

where I' is a constant, called the strength of the vortex, and 6 is the unit vector in the

azimuthal direction. The vorticity is:

w:VXv:la(me) z=0.
r Or

As already calculated in section 1.8.1, the velocity
potential is given by:

Y

o=5 (3.12)

which is a multi—valued function of position.

We obtain v by integrating equations (3.7):

r r
=——In— 3.13
V=g, (3.13)

where we have added a constant to make the argument of the In dimensionless (as 1) is
defined within an arbitrary constant).

As seen in section 1.8.2, the circulation is defined as:

Fz%vdL
C

and, for an irrotational flow, it is the same round all simple contours enclosing the origin.
It was noted in section 1.8.2 that, for a line vortex flow, the circulation of the velocity
around a contour centered at the origin is non zero, even though the vorticity is zero. This
is because the flow domain is not simply connected, due to the singularity at » = 0. In
other words, since the vorticity is not defined at r = 0, Stokes’s theorem does not apply.

One way around this difficulty is to define w as a Dirac delta function at the origin:

w(r,0) =T6(0)z, (3.14)

+o0 2
/ / wrdrdd =T,
r=0 J6=0

and Stokes’s theorem applies. This is really what is meant by line vortex: the vorticity is

so that:

non zero only along a line.
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3.2.3 Sources and sinks

This is a flow which streams towards (sink) or away from (source) a point. The velocity

of such a flow is given by:

= 4m2f~ in 3D, v= 2ﬁf in 2D, (3.15)
mwr mr

where m is a constant, called the strength of the source or sink, and t is the unit vector
along the radial direction. In this case, the origin is the sink (m < 0) or source (m > 0).

The vorticity is:
10v, .

w:VXv:—;ae z=0.

In two dimensions, d¢/dr = m/(27r) yields:

m. T
— " ln— 1
6= geinl, (3.16)
and diy/df = m/(27) yields:
mo
w —_— E. (3-17)

It is similar to what what obtained for the line vortex flow, with ¢ and v being inter-

changed.

3.2.4 Dipole flow

We now consider the situation where we have both a source and a sink with the same

strength m.

The dipole approximation in this con-
text is the limit when the separation
d = 2a between the source and the
sink goes to zero. We call moment of

the dipole flow the vector p = —mdx

o pointing from the sink to the source.

In two dimensions, the velocity potentials ¢1 and ¢o corresponding to the sink and source,

respectively, are given by:

¢1:—ﬁln ]r—afc|’ ¢2:ﬁln |I'+CL)A(’7

2w T 2w 70

where rg is an arbitrary length. Since Laplace’s equation is linear, the velocity potential

¢ corresponding to the dipole flow is obtained by adding ¢; and ¢s, so that:
¢ = %(mp«mx\ —In|r — ax]|).
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Using a/r < 1, to first order in a/r we obtain:

A

¢:ﬁ2a6089:p6080:_p'1‘7 (3.18)

2T r 2rr 2rr

where t is the unit vector in the radial direction. The velocity is then calculated from the

gradient of ¢:
_87<b_ pcosf _187<b_ psin 6

“or o2 T Ve T om

(3.19)

Ur

The figure shows the streamlines in blue and
the equipotential (lines of constant ¢) in
red. This is similar to the calculation of

the electrostatic potential due to an electric

dipole, as expected since in both cases the

potential satisfies Laplace’s equation.

3.2.5 Flow around a circular cylinder

We consider a flow moving past an infinite cylinder perpendicularly to its axis.

y Far away from the cylinder, the flow velocity is

y v = UX. Since there is no dependence on the
—_— & coordinate along the axis of the cylinder, this is
— a two dimensional problem in the (z,y), or (r,0),
SN " plane. We note R the radius of the cylinder cross—

section.

Because of the presence of the cylinder, the flow domain is not simply connected (a contour
encircling the cylinder cannot be shrunk to zero continuously while staying in the domain).
However, it could be shown that the solution to Laplace’s equation satisfying the boundary
condition (3.2) at the surface of the cylinder and matching the velocity at infinity is unique
if we specify the circulation around the cylinder. Below, we therefore examine two different
cases corresponding to two different circulations.

Like in electrostatics, the velocity potential can be written as a multipole expansion.

The general solution of Laplace’s equation in two dimensions, using polar coordinates, is:

o(r,0) = (ap + boInr) (Ag + Bob) + Z [A;, cos (nb) + By sin (nf)] (anr™ + bpyr™") .
n=1

(3.20)
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We recognise the following terms: AybgInr corresponds to a sink or a source, agByf corre-
sponds to a line vortex, Aja;r cos 6 corresponds to a uniform flow, A;b; cos /1 corresponds

to a dipole flow.

Cylinder with no circulation:

If there is no circulation around the cylinder, then the term corresponding to the line
vortex in the above expansion of ¢ is zero. Since there is also no sink nor source in the
fluid, the first non zero term in the expansion is the n = 1 dipole term. Since the flow

velocity at infinity is proportional to cosf, we set By = 0 and look for solutions under the

o= (ar + b) cosf.
r

If we can find a solution under this form which satisfies the boundary conditions, then

form:

this is the solution as we have also specified the circulation and therefore the solution is
unique. At infinity, we have a uniform flow for which ¢ = Ux = Urcosf as shown in
section 3.2.1. Therefore a = U. At r = R, v, = 0¢/0r has to be zero to satisfy the
boundary condition (3.2). Therefore U — b/R? = 0, which yields b = UR?. The solution

is then:

R2
p=U <1 + 7"2> rcos 6, (3.21)

which is the sum of a uniform parallel flow and a dipole flow. The gradient of ¢ then gives

the velocity:
R? R?
vy =U <1 - 2> cosf, wvg=-U (1 + 2) sin 6. (3.22)
r r
There are two stagnation points, where the velocity vanishes: (R,0) and (R, ).

To obtain the equations of the streamlines (shown
on the figure), we can also calculate the stream
function ¢ by integrating equations (3.7), which
yields:

2
Yv=U <1 — 1:;) rsinf. (3.23)

The streamline v = 0 is made of the two

semi—infinite lines along the z—axis plus the cir-

cumference of the cylinder. As we have discussed

in section 2.3, in a two dimensional flow, a rigid

\_Stagnation / boundary is always a streamline as the velocity

~ Paint has no normal component at the boundary.
Superposition of a Uniform Flow

and a Doublet Gives

Flow over a Cylinder (Credit: https://www.ecourses.ou.edu)
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The pressure is obtained from Bernoulli’s theorem (3.5) applied to a steady flow, which
states that pv?/2 + p is constant throughout the whole fluid, as y is uniform. If we note
po the pressure at infinity, then the pressure at the surface of the cylinder is given by:

1 1 1
p(R,0) = po + 5pU2 — 5pzﬂ(R, 6) = po + 5pU2 (1 —4sin?9). (3.24)

In this figure, the streamlines correspond to
- - the black curves, the equipotential lines to
- - the white curves, and pressure is indicated
by the colors (red and blue are high and

low pressure, respectively).

af (Credit: Wikipedia)

Because of the symmetry of the pressure, there is no net force acting on the cylinder.
This conclusion can be shown to hold for any object, not just a cylinder. This is known
as the d’Alembert paradoz, as obviously common experience is that any object moving
relative to a fluid is subject to a significant resistance, or drag'. A solution to this paradox

will be presented in the next chapter.

Cylinder with circulation:

If the cylinder rotates around its axis, the relative motion of the fluid at the surface
results in a finite circulation around the cylinder. Note that, as shown in section 1.8.2, for

an irrotational flow, the circulation is the same round all simple contours enclosing the

'D’Alembert did this calculation in 1752 as a prize problem for the Berlin Academy of Science. The
motion of a body relative to an inviscid and incompressible flow was important to understand the design
of boats. The result however, indicating that there would be no drag, discredited completely mathematical
fluid mechanics, and d’Alembert did not get the prize. This episode prompted the words of Sir Hinshelwood
taken as an epigraph for these notes. Prandtl proposed a resolution of the paradox in 1904, when he found
that even a very small viscosity would result in the creation of a boundary layer at the surface of the
object in which viscous forces produce a drag. This is largely accepted as the right way of accounting
for the drag force, as it is completely supported by experimental observations and mathematical analysis.
However, there is no rigorous mathematical proof of this process and another solution to the paradox has
been proposed recently, in which the drag is produced by the turbulence which results from the inviscid
potential flow being unstable. No viscosity is required in that case.
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cylinder. We model this situation by adding to the velocity potential and stream function
found above in the case of no circulation a term corresponding to a line vortex as described
in section 3.2.2. We then obtain:

R? ro
¢ = U<1+T2>TCOSG+2W, (3.25)
R? ) r r
Y = U<1—r2>r81n0—27rlnro, (3.26)
with rg being an arbitrary constant, which yield the following velocity:
2 2
r
vT:U<1—RZ) cosf, wvg=-U (1+R2> sinf + —. (3.27)
r r 27r

We define aw = I'/(4wRU). The stagnation points here satisfy (i) » = R and sinf = «, if
la| <1, or (ii) @ = £7/2 and /R = |a| + Va2 — 1, if |a| > 1 (where 0 is positive if T and
U have the same sign and negative otherwise).

The figure below shows the streamlines for different values of a. The stagnation points
are indicated in red. Here U > 0 and I' < 0 (clockwise), so that o < 0.

,/ p. . i;'r/,.: ‘\ \ II;
-~ | =
|T"|<4nR| U] :
|T'|=47R|U| ' h
[T"|>4nR|U|

When |a| < 1 (that is to say, |I'| < 47R|U]|), there are two distinct stagnation points.
The point labelled 1 on the figure is called the attachment point, and it is where the
oncoming flow divides into that moving above and that moving below the cylinder. The
point labelled 2 is called the separation point.

The pressure can be calculated as above, and this yields:

T 2

The force acting on a surface element dS = Rdf with a unit length along the axis of

1
p(R,0) = po + 5pU*

the cylinder is dF = —pdSTt, where p is evaluated at the location of dS. The z— and
y—components of this force are —pdS cosf and —pdS sinf, respectively. Therefore, the
x— and y—components of the total force acting on the surface of the cylinder with a unit

length along the axis are:

2m 2
F, = / —p(_R7 H)Rcos 0de, F, = / —p(R, G)R sin 6d6. (329)
0 0
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The force in the x—direction, which is called the drag, is zero, like in the case of no
circulation.
However, there is a non zero force in the y-direction, which is called the lift. It is due to

the sin # term in the expression for p:

21
F, = / UL e 6df = —pUT. (3.30)
0

™

In the context of a rotating object immersed in a fluid, the lift is also called the Magnus
force. 1t is a well-known effect in tennis or football, as it leads to the swerving of balls
which are hit with spin. On the figure above, where U > 0 and I' < 0 (clockwise), F}, > 0
so that the cylinder is pushed upwards.

The direction of the lift can be understood in the following way:

V<V <V, E Because the velocity of the parallel
> flow is in the same direction as that

E of the line vortex above the cylinder,

v E and in the opposite direction below
E the cylinder, the flow velocity is

larger above than below the cylinder.

(This results in the streamlines being closer to each other above than below the cylinder,
as seen in Problem Set 1). Bernoulli’s theorem then implies that the pressure is larger

below than above the cylinder, which results in an upwards force on the cylinder.

P
\ v Curved streamline It is important to note that the vertical
o / / pressure gradient is due to the fact that
- ﬂ ~ P, the streamlines are curved, as illustrated
on the figure.

Pressure foree

Pclul:uuu = Pumidl:

The change of direction of the velocity v yields a centripetal acceleration v?/r per unit
mass, where r is the local radius of curvature, which can only be generated by the pres-
sure force dp/On, where n is the coordinate in the direction normal to the streamline.
Therefore pressure decreases towards the centre of curvature. (This effect is the reason
why the pressure at the core of a tornado is very low, and objects get ’sucked’ into the
sky.) In the case of the cylinder with circulation, the streamlines are curved in such a
way that pressure decreases when we approach the cylinder moving vertically either from
the top or from the bottom. However, because both the curvature radius is smaller and
the velocity is larger above the cylinder, the drop in pressure is more significant above
than below the cylinder. The lift is therefore due to an asymmetry in the curvature of the

streamlines. Such a situation, which here is the result of the rotation of the cylinder, may
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also be produced by a stationary cylinder with a sharp—edged flap at the separation point

or by a wing?.

s FLETTNER ROTOR This figure illustrates how the Mag-
sy nus effect can be used on a ship to
Thrust .
"R > reduce fuel comsuption.
Wind > @
Rotor in ' )
Low wind speed sail v d/ Q‘
—— higher pressure Q*)
Position of the two rotor sails Qﬂf)
on a vessel's deck
e
The 30-meter-high rotor
Hapag-Lloyd sails rotate around their

— — vertical axis

Although it is straightforward to calculate the lift in the simple case of a flow past
a cylinder by directly solving for the velocity and pressure, it is much more difficult to
do so for a more complicated aerofoil. However, in two dimensions, techniques based on
complex variables can be used to map the flow past a cylinder into the same flow past a

different object. This is the object of the next section.

3.3 Complex velocity potential

In this section, we consider an incompressible and irrotational two dimensional flow.

3.3.1 Cauchy—Riemann equations

The velocity may be written as a function of either the potential velocity or the stream

function:

v —%—a—w and v _%__871/1
T ox oy’ Yooy ox’

The functions ¢(x,y) and ¥ (z,y) then satisfy the Cauchy—Riemann equations, so that the

(3.31)

complex potential, defined as:

w(z) = ¢(z,y) + (2, y), (3.32)

with z = x + iy, is differentiable (see appendix A). The derivative of w can then be

calculated by keeping y constant:

dw 9¢  .0Y

@ = % 1% = Uy — i'Uy. (333)

2A very good description of the lift on aerofoils is given in How do wings work?, H. Babinsky, 2003,
Physics Education, 38, 497. In this article, the author shows that the 'popular’ explanation for the lift that
fluid particles flowing across the top and the bottom surfaces must reach the trailing edge of the aerofoil

at the same time, which results in higher speed and therefore lower pressure at the top, is wrong.
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These results also apply in polar coordinates, using z = re'?. Both ¢ and 1, and therefore
w, may be multi-valued functions. However, by specifying the values the function can take
(which is known as specifying a branch of the function), we can make it single-valued. Since
it is also differentiable, it then becomes an analytic function.

Cauchy—Riemann equations also imply that both ¢ and v satisfy Laplace’s equation, as

already pointed out in section 3.1.

3.3.2 Complex potential of a flow past a cylinder

In the absence of circulation, we have found above that the potential and stream function
of a flow past a cylinder are: ¢ = U (r + R?/r) cosf and ¢ = U (r — R?*/r) sin 6 (eq. [3.21]
and [3.23]). Using z = rel, we obtain:
. R? . . R? . R2
w(z) =U <ze19 + ze19> cosf + iU <ze19 — ze19> sinf =U <z + z> . (3.34)
For a line vortex, the potential is ¢ = I'0/(27) and ¢ = —(I'/(27))In (r) (eq. [3.12] and
[3.13] where we have taken ro = 1), so that:

r i i
w(z) = — (—ilnr +0) = —— (In7 +i0) = —~ In 2, (3.35)
21 21 2w

defined up to an additive constant?.

Therefore the complex potential for a flow past a cylinder with circulation I is:

R?\ il
= — | ——Inz. .
w(z)=U (z—i— . > 5 1z (3.36)

3.3.3 Conformal mapping

This is a technique in which a flow problem (or more generally a Laplace equation problem)
in simple geometries is transformed into more complicated geometries by using an analytic
mapping function that preserves the angles.

We consider a pair of complex variables z = x + iy and Z = X + 1Y, each defined in

their own complex plane, such that:
Z = f(z) (3.37)

is an analytic function of z. This is a transformation that maps a point (z,y) in the

z—plane into a point (X,Y) in the Z-plane. The inverse z = F(Z) is also an analytic
function of Z if f'(2) #0, as F'(Z) = (f~1) (2) = 1/f' (f~1(2)) = 1/F (2).

3The logarithm of a complex number z = re'? is defined as follows:
In(z) =Inr+1i(0 + 27k),

where k is an integer. Although this is a multi—valued function, we can specify the branch as —m <

Im [In(z)] < 7 so that the function (called principal value) becomes single—valued.
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It can be shown that:

At the points in the z—plane where the first derivative of f is non—zero, the transfor-

mation preserves the angles and is called conformal mapping.

This means that two short segments which are perpendicular in the z—plane are mapped
into two short segments which are also perpendicular in the Z—plane. More generally, if
the first non-zero derivative of f at a point z is the n'" derivative, then a local angle at z
is multiplied by n when mapped into the Z-plane. (See, e.g., section 4.6 in Acheson for a

proof).

If w(z) = ¢(x,y)+iY(x, y) is the complex potential of a two dimensional incompressible

potential flow in the z—plane, and Z = f(z) is a conformal transformation, then:
W(Z) = w (F(Z)) = ®(X,Y) +1¥(X,Y)

is an analytic function of Z. It follows that ® and W satisfy the Cauchy—Riemann relations,
which implies that they satisfy Laplace’s equation*, and that Vy(X,Y) = 0®/0X =
0V /Y and Wy (X,Y) = 09/0Y = —0V/0X represent the velocity components of an
incompressible potential flow in the Z—plane, with again dW/dZ = Vx —iVy. In addition,
since W(Z) = w (F(Z)), the value of ¢ at (z,y) is the same at that of ® at (X,Y’) when
those two points are related by z = F/(Z), with similar result for ¢) and ¥. This implies that
streamlines in the (z,y)-plane are mapped into streamlines in the (X, Y )-plane through
this transformation. Furthermore, as rigid boundaries are themselves streamlines, they

too map into rigid boundaries in the (X, Y )—plane.

In other words, if we know the streamlines and equipotentials of a flow in a given
geometry, we can obtain the streamlines and equipotentials corresponding to any

conformal mapping of this geometry.

Note that, since W(Z) = w (F(Z)), the streamline ¢(z,y) = Ci, for example, trans-
forms into the streamline ¥(X,Y) = C;. We would still obtain a flow in the Z-plane
with W(Z) = 2w (F(Z)), for example, but that would lead to the velocity satisfying
different boundary conditions. The complex potential in the Z—plane is defined to be
W(Z) = w(F(Z)) because, in the case of the flow past an aerofoil, as studied below, the

velocity satisfies the same boundary condition at infinity in both the z and Z—planes.

4The transformation needs to be conformal for Laplace’s equation in the z—plane to be transformed

into Laplace’s equation in the Z—plane because, e.g.,

which requires f’(z) # 0.
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We now illustrate conformal mapping with the simple case of a uniform parallel flow.
We consider the transformation Z = f(z) = 1/z, with the inverse being z = F(Z) = Z2.
Writing z = |z[e?, with —7 < 8 < &, f(z) has two branch functions, fy(z) = \/|z|e!/?
and f_(z) = —/|z]e'/2. Each of these functions is single-valued. However, they are not
continuous at points along the axis § = +x (x < 0 axis), which is called the branch cut.
The end—point of the branch cut, which is z = 0 and where f; and f_ are both 0, is
called a branch point and is a singularity. If we exclude the branch cut, then each of these
functions is analytic. In what follows we consider fy, which is called the principal value.
Then the z—plane is mapped into the the right half of the Z—plane, in the way illustrated

in the figure below, where the thick dashed black line indicates the branch cut :

z plane Zplane

For a uniform parallel flow, the potential and stream function are given by ¢(z,y) = Uz
and Y(z,y) = Uy (see eq.[3.9] and [3.10]). Therefore, the complex potential is w(z) =
U(x+1iy) = Uz. For simplicity we take U = 1. Using the transformation fi(z), the

complex potential in the Z—plane can be written as:

W(Z)=w(Z%) = 2> = (X +1Y)? = X* - Y? +2iXY.

Therefore ®(X,Y) = X? — Y2 and ¥(X,Y) = 2XY. In the z-plane, the streamlines
1) = y = constant are horizontal lines, and the equipotentials ¢ = x = constant are vertical
lines. In the Z-plane, the streamlines become ¥ = 2XY = constant, which are hyperbo-
las with the coordinate axes as asymptotes, and the equipotentials are ® = X? — Y? =
constant, which are hyperbolas with either the X— or Y-axis as axis of symmetry. The
figure below shows the streamlines in red and the equipotentials in blue for this flow in
the z— and Z—planes. The colored dots illustrate how different points are mapped. We
can think of the thick black line just above the x—axis in the z—plane as a rigid boundary,
which maps into the thick black rigid boundary shown in the Z—plane. Therefore, this
mapping has transformed a uniform parallel flow into a flow in a right—angle corner, as
could be confirmed by calculating directly the potential and stream function in this latter

case.
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We notice on the figure above that the streamlines and equipotentials, which are per-
pendicular in the z—plane, as still perpendicular in the Z—plane, as they should from the
discussion in section 1.8. The transformation is indeed conformal as f’ does not vanish,
and conformal mapping always preserves the angles.

We now discuss a transformation which is very important in the context of aerody-

namics.

3.3.4 The Joukowski transformation

The Joukowski transformation enables a two dimensional flow around a cylinder to be
mapped onto a two dimensional flow around the wing of an airplane. It is given by:

C2

Z=f(z)=z+—, (3.38)
z
where ¢ is a real number. The inverse is then:
1
2=F(2) =3 <Z +V72 - 4(;2) , (3.39)

where we have not inserted =+ in front of the square root as it is understood to have two
branch functions. To make this function continuous we exclude the branch cut which
is the segment along the X-—axis between —2¢ and 2c. We also make it single—valued
by selecting the principal value of the square root. Therefore z ~ Z when |Z| is large.
Excluding Z = +£2c¢ is equivalent to excluding z = +c¢, which are the only points where
1'(z) = 0. Therefore, the transformation is conformal in the domain which excludes the
branch cut.
Using z = rel?, the transformation can be written as:
2 2 2
Z=ref 4 Semi0 = <r + C) cosf +1i <r - C) sin 6. (3.40)
r r r
The real and imaginary parts are equal to X and Y, respectively. Writing cos? 8 +sin? § =

1, we then obtain:
X2 Y?

(r+c2/r)? * (r—c2/r)? B

If r is a constant, that is to say z moves along a circle of radius r centered at the origin

in the z—plane, then this equation is that of an ellipse. If r = ¢, Z = 2ccosf, which is a
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segment along the X—axis, as illustrated on the figure below:
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Here again, we can think of the circle of radius ¢ in the z—plane as a rigid boundary
which maps into a plate segment which is also a rigid boundary in the Z—plane. Let us
consider a uniform parallel flow past this plate. The complex potential for this flow, as
seen above (section 3.3.3), is W(Z) = UZ, with U being the velocity. We can map this

flow back into the flow around the circle in the z—plane:

w(z) =W (f(2)) =U (z + Cj) . (3.41)

This is an elegant way to recover the result we have already obtained above (eq. [3.34]).

3.3.5 Potential flow past a finite plate and the Kutta condition

The complex potential corresponding to a flow past a circle of radius R when there is
a finite circulation is given by equation (3.36). This corresponds to the case when the

oncoming uniform flow is parallel to the x—axis.

If, instead, this flow was coming from below the z—
axis at an angle of attack «, the complex potential
would be obtained from equation (3.36) by changing
6 to § — a or, equivalently, by changing z = re'? to
ze™'@ This yields:

™

. 2. i
w(z)=U <ze_‘°‘ + }ie‘o‘> - ;— In z, (3.42)

i

where we have ignored e ¢ in the In as it amounts to just adding a constant to the
potential. If we now map this flow into the Z—plane using Joukowski transformation (3.38)
with ¢ = R, we get the complex potential W (Z) of a flow incident at an angle a onto a plate
segment, since the angles are preserved. The expression for W (Z) is rather complicated,

so instead of calculating it we derive the velocity components Vx and V4 in the Z-—plane
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using Vy — iVy = dW/dZ. Since W(Z) = w (F(Z)), with z = F(Z), we obtain:

, dwdz dw (dZ\ "
Using equations (3.38) with ¢ = R and (3.42), this yields:
: —ia io R2 ir 22
VX - 1VY = (Ue —Ue 22 - 27‘(‘z> m (344)

These velocities represent the flow in the Z—plane and therefore need to be expressed as
a function of Z. However, keeping in mind the relation (3.38) between z and Z, we can
get useful information from the expression above.

We see that, if the term inside the brackets in the above equation is non zero, the flow
speed is infinite when z = £ R, which corresponds to Z = +2R, that is to say the ends of
the plate. We call trailing edge the downstream edge of the plate, located at X = 2R, and
leading edge the upstream edge, located at X = —2R. The velocity at the trailing edge
can be made finite if the term in brackets vanishes for z = R, which implies:

il’

U*ia_Uia_ -0
¢ ¢ 2R ’

(3.45)

that is to say:
I' = =47 RU sin a. (3.46)

This is called the Kutta condition, and its meaning will be discussed in the next section
in the context of more realistic aerofoils. Writing z = R + ¢, with € < R, equation (3.44)
then yields Vx — Ucosa and V3 — 0 when ¢ — 0. The fluid is therefore parallel to
the plate at the trailing edge. The figure below shows the streamlines around the circle
in the z—plane and around the finite plate in the Z—plane for both the case where there

is no circulation and the case where there is circulation and the condition above it satisfied:

Y

The Kutta condition implies |I'| < 47 R|U]|, so that in the z—plane there are two distinct
stagnation points s and s’ on the surface of the circle (see section 3.2.5), and since dw/dz =

0 when z = R (eq. [3.45]), &’ is on the z—axis when the Kutta condition is met.
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3.3.6 The Joukowski aerofoil

In the case of the plate considered above, the velocity at the trailing edge is finite when
the Kutta condition is met, but the velocity at the leading edge is still infinite. This is

why flat plates with sharp edges are not used to make aerofoils.

Instead, aerofoils have a rounded leading edge and

a sharp trailing edge, which yields a finite velocity

everywhere, as we are now going to show.

trailing edge

leading edge

We can generate such an aerofoil by applying
Joukowski mapping on a circle in the z—plane which
center is not at the origin, as illustrated on the figure.
Since z = —a+ (R+a)e'¥ along the circle, Joukowski

transformation (3.38) with ¢ = R yields the shape of

the co—called Joukowski aerofoil in the Z—plane as:

AY ; R2
| Z=-a+(R i . 3.47
| . a+ (R+a)e +—a+(R+a)eW’ (3.47)
T e S
—2R 2R which is represented on the figure.

The complex potential in the z—plane for an angle of attack « is the same as that given
by equation (3.42) but with z shifted to z + a and the radius of the circle changed from R
to R+ a:

w(z) =U |(z+a)e ™+ Meia} ir

- —1 . 4
posp 5 n(z+a) (3.48)
We then redo the same calculation as above to obtain the velocities:

dw (dzZ\
Vx —iVy = & (dz) , (3.49)

where w(z) is now given by equation (3.48) and Z is still given by equation (3.38) with
¢ = R. This yields:

. ; o (R+a)? ir 22
Vy —iVy = [ Ue™* = Ue™ — . 3.50
XY ( ¢ ¢ (z+a)2 21 (z+a) | 22 — R? ( )

The denominator still vanishes at z = £ R, which still corresponds to Z = £2R. From
equations (3.38) and (3.39), we see that points on the z—axis in the z—plane map into
points on the X-axis in the Z-plane. Therefore, the aerofoil intersect the X-axis at
points given by equation (3.47) with ¥ = 41, that is to say at Z = 2R and Z =
—2R (14 2a*/(2aR + R?)). This means that the point Z = —2R is inside the aerofoil,
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and there is only one point in the flow where the denominator of equation (3.50) vanishes,
which is the trailing edge of the aerofoil. As in the case of the plate, this singularity
is removed if the term in brackets in equation (3.50) vanishes as well for z = R, which

requires:

‘ I'=—4n(R+ a)Usina. (3.51)

This is the Kutta condition for the Joukowski aerofoil. As above, writing z = R + €, with
€ < R, equation (3.50) then yields Vx — Ucosa/(1 4+ a/R) and Vy» — 0 when ¢ — 0.
The fluid is therefore parallel to the plate at the trailing edge. When the Kutta condition

is met, there are no singularities and the flow is smooth everywhere.

The figure shows the streamlines relative to a Joukowski
aerofoil which is inclined with respect to the oncoming
flow. (Credit: Wikimedia)

We can now rephrase the Kutta condition by saying that, for an aerofoil moving

through a fluid with an angle of attack «, the circulation will adjust itself so that the

flow leaving the trailing edge of the aerofoil is smooth.

In other words, there are, mathematically, a number of solutions which are attainable
for the velocity of the flow around the aerofoil, but those giving an infinite velocity are
unphysical. Nature picks up the only physical solution by adjusting the circulation around
the aerofoil. We will describe below how this is achieved.

We have found above that Vx is non zero at the trailing edge of the plate. However, this
is due to the particular symmetrical geometry of the aerofoil. For more realistic aerofoils,
the velocity does vanish at the trailing edge, which therefore coincides with a stagnation

point.

3.3.7 Forces on aerofoils and the Kutta—Joukowski theorem

A symmetrical aerofoil like that described above would not be the most efficient way of
getting a lift. As pointed out in section 3.2.5, the lift is due to the curvature of the stream-
lines, with pressure decreasing towards the centre of curvature. If the symmetrical aerofoil
is not inclined with respect to the incoming flow, the strealimes are identical above and
below the aerofoil and there is no lift. When the aerofoil is inclined however, a lift is pro-
duced because the curvature is larger above than below the aerofoil, as seen on the figure
above. But a larger lift would be obtained if the curvature below the aerofoil were giving a

pressure that increases as we approach the aerofoil. This is why cambered aerofoils are used.
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Cambered aerofoils can be generated using

Joukowski transformation by moving the center

of the circle not just along the z—axis, as done above,

but also along the y-axis. In this figure the center

has been moved in the upper left quadrant.

As illustrated on the figure, this aerofoil gives a much
larger lift than a symmetrical aerofoil. The lift is also
larger if the aerofoil is thinner, which is why birds
have thin wings. Airplanes however tend to have
thicker wings because there are other considerations

coming into play, such as design and fuel storage.

We are now going to calculate the force exerted by the flow on an aerofoil with any
shape. Here we assume that the Kutta condition is met, so that there are no singularities
in the flow. Although this condition has been derived above for a symmetrical aerofoil, it
is valid for any kind of aerofoil as could be shown by making a Joukowski transformation

of a circle with a centre not on the x—axis.

"‘T We take the z—axis to be along the direction of the
flow velocity at infinity and note C' the (closed) con-
tour of the object. We consider a small element
ds along the boundary, as represented on the figure
(Credit: Acheson), where the dashed line is tangent

to the curve.

The components 0 F,, and d Fy, of the force exerted on ds by the flow are given by (0F,,0F,) =
(—psinf,pcosf)ds, so that: 0F, —i6F, = —p(sinf +icosf) s = —pie %§s. Since C is a
rigid boundary, the flow velocity at ds is tangent to the curve, which implies v, = v cos8

and vy = vsin@. This yields v, — iv, = ve 10

dw\? ..
2 2i0
v _<dz) ¢

along C. Assuming the flow to be steady, Bernoulli’s theorem (3.5) implies that pv?/2 +p

, and since v, — iv, = dw/dz, we obtain:
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is constant throughout the fluid, as the gravitational potential is uniform throughout the
domain of the flow. We note k£ the constant, so that the expression above for 0F, —idF
becomes:

1 . .
0F, —i6F, = <pv2 — k> ie 1055 = ip

dﬂ ’ 056 — ike 10§
B B €0s 1ke S.

dz

By integrating over the closed contour C, we then obtain:

. 2
F, —iF, = lp% (dw> s — ik;}g e 1055,
2 C dz C

where F), and F), are the components of the total force exerted by the flow on the object
(the force here is implicitly meant to be per unit length in the direction perpendicular to
the plane of the flow). We have ie™§s = ids cos § + §ssin§ = idz + 0y, so that the second
integral on the right—hand side of the above expression is zero. We can re—write the first

integral by noting that €l?ds = §scos @ + idssin @ = dx + idy = 6z, which yields:

i dw') 2
F, —iF, = — : 52
iFy, QPéw((h') 0z (3.52)

This is known as Blasius’s theorem. As the function dw/dz is analytic everywhere in the
domain of the flow, Cauchy’s theorem and a deformation of contours (see appendix A)
imply that the value of the integral in equation (3.52) is actually the same if we replace
C' by any closed contour surrounding the aerofoil.

We now choose the origin O of our coordinate system inside the aerofoil and define 7 as
the radius of the smallest circle centered on O which encloses the aerofoil. Because dw/dz
is analytic in the flow domain, it can be expressed as a Laurent series which converges on

the domain |z| > n:

where a,, and b,, are constant complex numbers (see appendix A). Since dw/dz = v, —ivy
and the velocity stays finite in the flow domain, b, = 0 for all n > 1. At infinity, v, = U
and v, = 0, so that by = U. The 1/z term corresponds to the vortex flow, so a; = —iI'/(27)

(see eq. [3.35]). Therefore the series becomes:
dw i’ as
&=V T

which is the superposition of a uniform flow, vortex flow, dipole flow, etc. Blasius’s

+...

theorem (3.52) with the contour C' changed to a contour C’ that encloses the circle of

radius 1) can then be written as:

. . 2
. 1 i’ as

According to the residue theorem (see appendix A), only the 1/z term contributes to the

integral, which is equal to 27i times the coefficient of this term. Therefore:

—iur

Fx—iFy:;px27ri><< >:ipUr,
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which implies the so—called Kutta—Joukowski lift theorem:

’Fx =0, F,= —pUF.‘ (3.53)

This theorem generalizes the result which was obtained for the particular case of a flow
past a cylinder (eq. [3.30]). Note that the lift is the component of the force perpendicular
to the direction of the flow at infinity (which is inclined with respect to the aerofoil for non—
zero angles of attack), whereas the drag is the component of the force in that direction.
Here again, the absence of a drag is due to the fact that viscosity has been neglected.
Since I' satisfies the Kutta condition (3.51), the lift can also be written as:

F, = 4np(R + a)U?sin a. (3.54)

We define the dimensionless lift coefficient as:

E

Cp = 4,
b L0

(3.55)
where d is the dimension of the aerofoil (in three dimensions, we would replace d by the
surface of the aerofoil, so we can think of C above as being a lift coefficient per unit
length in the direction perpendicular to the flow). Using the above expression for F),, we

obtain:
+a

R
Cr =8rw sin a. (3.56)

This coefficient is used to compare the performance of different aerofoils with different
dimensions and flying at different speeds. It can be obtained from measurements done in

wind tunnels.
1o The figure shows C, versus a. The dashed line is the

14 theoretical curve and the other curves correspond to

08T measurements. It can be seen that Cf decreases for

(5 o values of a larger than about 12°: the plane stalls!

§ 02 This cannot be captured by the theory developed

§ |5—:c/ p) here because we have neglected viscosity. Viscous

E f/{z forces result in a boundary layer which detaches from
oat

the wing for larger angles. This will be studied in sec-

— — — Thin Airfoil Theory, C, = 27a tiOIl 423 il’l the fOHOWil’lg chapter. (CT'@d'Lt Daniel

——O—— Current Study, Re = 6.61 x 10°

L T deoashemanReseext Ieathcote, PhD thesis, 2017.)

Angle of Attack, o (°)

3.3.8 The origin of the circulation

As we have mentioned above, the flow adjusts itself and create a circulation so that the
velocity at the trailing edge of the aerofoil stays finite. We now describe how this happens.

When an aerofoil, e.g. the wing of an airplane, is accelerated from rest in a fluid, the
pressure becomes higher at the bottom of the wing than at the top, so that the air moves

from below the wing up around the trailing edge to the top in such a way that a so—called
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starting vortex is created. As the wing accelerates, this vortex is left behind and, due to
Kelvin’s theorem, the flow produces a circulation in opposite direction around the aerofoil.

This can be seen as a fictitious vortex and is bound to the wing.

bound vortex T’ These two vortices are shown in the figure.
Here the aerofoil was moved from right to
left.

starting vortex

From Van Dyke, Album of Fluid
Motion. The figure shows a
starting vortex produced when
a viscous fluid is moved impul-

sively past a wedge.

The air also moves from below the wing up around the tips to the top, and this creates
trailing, or tip vortices that extend for miles behind the wings. The trailing vortices on
both sides rotate in opposite directions due to Kelvin’s theorem. As illustrated on the
figure below, these vortices are such that the resultant vortex line is closed, as expected

from Helmholtz’s theorem.

Bound vortex

\ P
@ ; Starting vortex

It is the bound vortex that creates the circulation around the wing required to produce a

finite velocity at the trailing edge and which results in a lift. Note that although a vortex

7



is the cause of the circulation, it is localized at the surface of the wing and therefore the
flow is still irrotational away from this boundary layer, which justifies the approximation

of potential and steady flow used in this chapter.
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Chapter 4
Boundary layers

As pointed out in section 2.3.1 of chapter 2, the no—slip boundary condition at a rigid
boundary holds however small the viscosity may be: molecular transport at the surface
prevents any slipping of the fluid parallel to the boundary.

This has important consequences for fluids with very small viscosity (like the air) mov-
ing past an aerofoil, as the velocity varies very rapidly near the surface of the aerofoil to
adjust to the boundary condition. This creates a significant stress according to equa-
tion (2.13), even if the viscosity is very small, and results in a so—called boundary layer
in which viscous forces cannot be neglected. As boundary layers are thin and localized
near rigid boundaries, a high Reynolds number flow can be approximated as ideal away
from the boundary, where techniques applicable to potential flows can be used if the flow is
irrotational. The solutions obtained for the ideal fluid can then be matched to those in the
boundary layers. Boundary layers were first studied experimentally and mathematically
by Prandtl (1905).

A boundary layer will develop whenever there is a boundary at which the flow has
to adjust to a condition which is different than what an inviscid solution would give.
Although in this chapter we will focus on flows near a rigid boundary, boundary layers
may then also occur, e.g., at a free surface, where the tangential stress is zero (as shown
in section 2.3.3).

The next section describes the boundary layer that develops in a uniform flow passing
past a thin plate. Although this is an idealization, it is a good approximation to the case

of a flow past an aerofoil.
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4.1 The boundary layer on a flat plate

We consider a steady two—dimensional incompressible flow with high Reynolds number in

the (z,y)-plane past a thin plate located at y = 0:

—_— —
—_— 1
| e
e R ./
> %l /
P 7 —

boundary layer

As the flow passes the leading edge of the plate (located at = = 0), it slows down. The flow
closest to the plate slows down first, and in turn slows down the flow higher up, so that a
layer with a velocity gradient is formed. If U(z) does not increase significantly with x, the
thickness of the boundary layer increases with distance from the leading edge because of
the cumulative effect of the frictional force from the plate: the momentum lost by the flow
increases with . However, if U increases enough with x, the acceleration of the flow in the
boundary layer by the outer flow also increases with x and the boundary layer becomes

thinner. Another way to describe the boundary layer is through the vorticity of the flow.

The vorticity is non—zero in the boundary layer because of the shear: the rigid bound-
ary acts as a source of vorticity which spreads out vertically by viscous diffusion while

being advected horizontally with the flow.

Outside the boundary layer, the flow is potential (viscosity being negligible) with a velo-
city U(z) along the z—axis. Across the boundary layer, the velocity varies from 0 at the
surface of the plate to U(z).

4.1.1 Thickness of the boundary layer

The vorticity generated by the rigid boundary between 0 and z moves downstream of = in
a time ¢t ~ x/U(x), as advection along the x direction in the boundary layer occurs at a
velocity which is of order of magnitude U(z). During this time ¢ when it is between 0 and
x, the vorticity diffuses viscously over a vertical distance! § ~ v/vt. By definition, this is

the thickness of the boundary layer, and it can be written as:

In the vertical direction, momentum is transported by viscosity only (as the average flow is going in
the horizontal direction). We neglect pressure to obtain an order of magnitude estimate of the diffusion
lengthscale. Navier-Stokes equation then gives gives duv, /0t = vV>v,, from which it can be seen that

diffusion over a scale § takes the time t ~ 6% /v.
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vr

o(x) ~ 0@)

We note L the scale over which the velocity along x changes significantly (that would

(4.1)

typically be the length of the plate if it had a finite size). The Reynolds number for the
flow is defined as Re = UL/v (see eq. [2.24]), and the expression above can be written

under the form:

5(x)N L 1

z ;\/Re

since L and x are typically of the same order of magnitude. This is the core of the bound-

<1, (4.2)

ary layer approximation: its scale is much smaller than the horizontal scale.

The estimate above is only valid if the boundary layer is laminar, that it to say there
is no turbulence. When the flow is turbulent, there is convective in addition to molecular
transport of vorticity in the vertical direction, and the thickness of the boundary layer

becomes much larger. This will be discussed further below.

4.1.2 Equation of motion

Ignoring gravity, Navier—Stokes equation (2.21) in the z— and y—directions in the boundary

layer gives:

O0vg O0vg 10p v, 0%y
. e , 4.3
re +Uy8y p8x+y<8x2 Oy? (43)

vy vy 10p 0%v, 0%y,
Wb’} -y - _-Z£ ) 4.4
haar ty Oy p Oy Y\ 922 0y? (44)

The incompressibility condition also has to be satisfied:
Oov, Ov

e aT,y = 0. (4.5)

Since L and ¢ (where the z—dependence is implied) are the characteristic scales over which
the velocity changes in the x and y—directions, respectively, we have |0v,/0x| ~ v, /L and
|Ovy /Oy| ~ vy /0. Therefore, equation (4.5) yields:

4]
Uy~ T <L vg | (4.6)
Also,
821}3; 3 Vg OQUJB
Ox? L2 52 oy |’

with similar result for v,. This yields:

VQUI ~ _—=



In equation (4.3), all the terms involving the velocity are on the order of v2/L (since
v ~ U*/L from eq. [4.1], and v, ~ U); therefore, dp/0x = O (pv2/L) . Similarly, in
equation (4.4), all the terms involving the velocity are on the order of v2§/L?; therefore,
Op/dy = O (pv26/L?). 1t follows that [0p/dy| < |Op/dx|, so that

p can be regarded as a function of x only, which means that the pressure is approxi-

mately uniform across the boundary layer.

The pressure can therefore be calculated from the velocity outside the boundary layer,
where v = 0 and Navier-Stokes (or Euler) equation yields:
dU  1dp

i (4.8)

Ulz)— = .
(z) dx pdz

Using the approximation (4.7), Navier—Stokes equation (4.3) can be written under the

form:

Ov, Ov,  1ldp 0%,
Y 5 Tty oy  pdx v oy?

(4.9)

This is the boundary layer equation, also called Prandtl’s equation. It has to be solved

with the following boundary conditions:
vy =vy, =0 at y=0, and vy(z,y) =U(z) for y/d — +oo. (4.10)

The tangential shear stress in the boundary layer is:

L
Toy =PV oy T o )

Since |9v, /Y| ~ vy/8 and |Ovy/Ox| ~ v,0/L* = (v4/8)(6%/L?) < v,/5, we obtain:

Ty ZPVaizf (4.11)

Although the above results have been derived for a flow past a flat plate, they still
apply if the boundary is curved. The coordinates x and y then represent the coordinates
along and perpendicular to the boundary, respectively. In that case, there is a pressure
gradient dp/dy comparable to dp/0z, to balance the centripetal acceleration induced by
the curvature of the boundary. However, changes of p along y in the boundary layer are
still §/L smaller than changes of p along x, so that p can be regarded as uniform across

the (very thin) boundary layer.

4.1.3 Velocity profile in the boundary layer

Because the flow outside of the boundary layer is approximated as being inviscid, it is
unaffected by the presence of the plate. Therefore, if the velocity upstream of the plate is

uniform, it stays uniform everywhere outside of the boundary layer, which means U(z) =
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Uy, where Uy is a constant. In that case, equation (4.8) yields dp/dz = 0, so that Prandtl’s
equation (4.9) becomes:

Ox Y oy oy?
We take an arbitrary length scale zg in the horizontal direction, associated with the vertical
length scale §(zq) = \/vzo/Up, and define the dimensionless variables:

(4.12)

/ Uy X0
= — = = . 4.1
xg (o) Ty and vy U 0(z0) (4.13)

The scaling is chosen so that z" and y' on the one hand, and v}, and v;, on the other hand,

/
Yy

that v, ~ v,(6/L)). The equation above then becomes:

are of the same order of magnitude (for v/ and v/, this follows from eq. [4.6] which shows

oo,
T 9! Y 8y/ - ay/g .

(4.14)

This has to be solved together with the mass conservation equation (4.5) which, in dimen-
sionless form, is:

81):; 61);

— + — =0. 4.15

oz’ + oy’ ( )
Using the dimensionless variables, the boundary conditions (4.10) can be expressed as:

v, =v, =0 at ¢ =0, and v (z',y') =1 for ¥ — 4o0. (4.16)

As Re does not enter the equations nor the boundary conditions, the solutions do not
depend on Re. The Reynolds number affects only the thickness of the boundary layer, not
the wvelocity profile.

The velocity cannot depend on the length scale xq either, as it is arbitrary. Therefore,
since vy (z,y) = Upvl(2',y'), vl cannot depend on z’ and 3’ independently, but has to
depend on a combination of these two variables which cancels out xg. As 2’ o< 1/2 and

y' o« 1/6(xg) ox 1/4/Tg, the simplest combination that does not depend on z is:

/
Yy 1Uo
n= = =\/— v, (4.17)
x vx

which can also be written as n = y/d(x). We therefore look for solutions of the form

vl = g(n), which is equivalent to:

vy =Uog(n)=Uo g (\/E y) : (4.18)

Similarly, vy (z,y) = Up(d(z0)/x0) vy, (2, y") = /Uov/x0 vy (', y") is independent of zq if
vy o /g, which is achieved by taking vy (2',y') = h(n)/ V!, This then corresponds to:

o= Zn (B, o
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Such solutions, which have the same y—dependence, and therefore the same shape, at all
values of z except for a different scale factor \/Up/(vz) = 1/5(x), are called self-similar.

Since the flow is incompressible, we can introduce a stream function v such that
vy = 09 /0y and v, = —0y/0x. With the above expressions (4.18) and (4.19) for v, and

vy, ¥ has to be of the form:
Y =/ Uprvzx f(n).
We then have:

6 / a !/
v = ;;zx/UoVﬂ?f(ﬂ)aZ:Uof(n),

d U 0 U
b = 2 L ) e 2= LT pay 0 ).

where f'(n) = df/dn. Substituting these expressions in Prandtl’s equation (4.12) then

yields the so—called Blasius’s equation:
1
f/// + §ffll — 0’ (420)

while the boundary conditions (4.10) become:

f=f=0at n=0, and f =1 for n— +oo. (4.21)

i3 This boundary value problem has to be solved nu-

n Z merically. The figure shows the solution obtained

' ] for v, /Uy as a function of n = y/d(x). The fact

5 e A that v, /Uy = 0.99 at n = 4.9 confirms quantita-

: //""’ tively that 0(x) gives a measure of the thickness

‘ ‘/_/// of the boundary layer (this had been obtained by
%//o‘z/ T a qualitative argument only in section 4.1.1).

vx/Uop

4.1.4 Frictional force on a flat plate

We orientate the normal to the plate n = y in the positive y—direction, to be consistent
with the analysis above. Therefore, the viscous stress on the plate is given by equation (2.1)
as T = o,yX + 0yyy + 042, where the components of the stress tensor are evaluated at
y =0. As v, = 0 and v, does not depend on z, equation (2.13) shows that o, = 0, so

that the tangential stress is o,,Xx with:

o (P 9% Y g
Ozy = PV ( oy + o >y:0 = pUy . £7(0), (4.22)

where f”(0) = 0.33.
If the plate is immersed in the flow, there is a boundary layer on each side, so that the

total frictional force F = F,X on a plate of length L per unit length in the z—direction is
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twice the force exerted on one side:

pUSL
VRe |
where we have used the fact that the scale over which v, varies is on the order of the

length of the plate, so that Re = UyL/v. This force varies as v/L rather than L because

the stress tensor decreases with x, due to the thickening of the boundary layer wich reduces

(4.23)

L
F, = 2/ Tydz = 1.33pUyg+/UprvL = 1.33
0

the velocity gradient. Here the plate is at rest and the fluid is moving. If instead the fluid
were initially at rest and the plate moving towards the left, the situation would be the

same and the force would oppose the motion of the plate: it is therefore a drag.

The presence of a boundary layer therefore accounts for the existence of a drag on
an object moving relative to a fluid, and solves the d’Alembert paradox presented in

section 3.2.5.

4.1.5 Vorticity in the boundary layer and wake

B Ovy  Ovy )\ .
w= ( 5 " (,)x) 2. (4.24)

We have shown when deriving equation (4.11) that the first term on the right side of the

The vorticity is given by:

equation above dominates over the second term, which yields:

6@,,3 . Uo 1
w Uo\/ - f (n)- (4.25)

~ oy =
This vorticity, which is generated where the fluid is in contact with the rigid boundary, is

both diffused vertically by viscosity and advected downstream by the flow.

Therefore, the flow behind the plate also has vorticity.
It is called the wake. It can be seen together with the
boundary layer on the figure which shows streamlines

around an aerofoil immersed in a fluid.

4.1.6 Transition to turbulence

The velocity profile and drag obtained above are in excellent agreement with experiments
as long as the flow is laminar. However, it is an experimental fact that the flow becomes
turbulent when the Reynolds number exceeds a critical value. This can be understood
by noting that, for lower Reynolds numbers, viscosity is efficient enough that any small
disturbances present in the fluid are damped out. At higher Reynolds numbers how-
ever, viscosity becomes more ineffective and small perturbations can grow. The flow then

becomes unstable and there is a transition to turbulence.
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The flow becomes unstable when the local Reynolds number, defined as Re, = Ud(z) /v,
becomes larger than about 600. This typically corresponds to the global Reynolds number
Re = UL/v being larger than a few 10°. Because Re, o< §(x) oc 1/, the transition occurs

at some distance from the leading edge of the plate.

As already pointed out above, when the flow becomes turbulent, the boundary layer
is much thicker, because vertical transport of vorticity by turbulent motion is much more
effective than molecular diffusion. This can be understood in the following way. We have
seen that the transport of momentum perpendicularly to the direction of the main flow is
due to the correlation between the fluctuations of the velocity in the fluid (see eq. [2.8]).
In the case of molecular transport, which yields the viscous stress, these fluctuations are
caused by the kinetic energy of the molecules associated with the finite temperature.
When the flow is turbulent though, these fluctuations and their correlation are usually
much larger. The associated stress, which is called the Reynolds stress, is then usually

orders of magnitude larger than the viscous stress.

Therefore, vertical mixing is much more -efficient
in the turbulent case, and the flow is accelerated

much more efficiently through the boundary layer, as

shown by the velocity profile on the figure. (Credit:

laminar

https://aerospaceengineeringblog.com/boundary-
layers))

turbulent
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The figure below gives a schematic view of the boundary layer when the flow becomes

turbulent:
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When the flow is turbulent, there is still a laminar sub—layer near the plate. This is
because the flow is stationary at the boundary so that turbulent eddies cannot exist very
close to it. Therefore, the tangential stress on the plate is still the viscous stress oyX,
with o,y = pv(0v,/0y) evaluated at y = 0 (eq. [4.11]). Since vertical mixing is much more
efficient in a turbulent boundary layer, the increase of velocity near the boundary is much
sharper in the turbulent than in the laminar case. Therefore, the drag is much larger in

the turbulent case, and it decreases less sharply when the Reynolds number increases.
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As the lift increases with the velocity (see eq. [3.54]), commercial aircrafts fly at high
velocities to produce a lift sufficient to balance their weight. That leads to high Reynolds
numbers at which the boundary layers over the wings are turbulent, which yields an
enhanced drag. Keeping a boundary layer laminar though is a very complicated problem,
because all laminar boundary layers can be made to ’trip’ (that it to say, to transition)
to turbulence by any inhomogeneities (like insects) on the wing. Tests in wind tunnels
are therefore not very helpful as they tend to be too idealised. One way of preventing the
boundary layer from becoming turbulent is to remove a small amount of air by suction
through porous materials, multiple narrow surface slots or small perforations. That way,
the thickness of the boundary layer, and hence the Reynolds number, does not increase
along the wing, and the flow stays laminar. This has been used for some supersonic cruise

aircrafts (see Problem Set 4).

4.2 Boundary layer separation

In the analysis above, we have assumed that the flow velocity was uniform outside of the
boundary layer, so that the pressure gradient dp/0z was zero. Let us now assume that

there is a finite pressure gradient.

4.2.1 Condition for separation

As shown in section 4.1.2, p only depends on x, so that the pressure gradient inside the
boundary layer is the same as that in the outer flow.
Because v, = v, = 0 at y = 0, Prandtl’s equation (4.9) near the rigid boundary gives:
dp 0%,
— =pv .
az _ ° 0y?

(4.26)

At the surface y = 0 of the boundary layer, v, matches
the velocity U(z) of the outer flow. For the stress to
be continuous at y = § (and therefore volume forces to

stay finite), v, has to approach U(z) following the blue

0 6(:x) y curve and not the red curve.
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This implies that 9%v, /dy? < 0 at the surface of the boundary layer. Therefore, depending
on whether dp/dz is positive or negative, we can have either of the two cases represented

on the figure below (where oo = Jv, /0y at y = 0):

0 U(x) 0 U(x)

The fluid near the rigid boundary is subject to the following forces: (i) it is decelerated by
the frictional force from the boundary, (ii) it is accelerated by the viscous stress from the
upper layers, that is to say by the transfer of momentum from the outer flow which moves
at velocity U(z), (iii) it is accelerated or decelerated by the pressure gradient, depending
on whether it is negative or positive.

When dp/dx < 0, U(z) increases with x, and the transfer of momentum from the
upper layers down to the flow in the boundary layer increases as the flow moves along the
boundary. In addition, in that case, the pressure gradient also accelerates the flow directly
in the boundary layer. Therefore, the boundary layer becomes thinner as the flow moves
along .

By contrast, when dp/dz > 0, U(x) decreases with x. The transfer of momentum
from the upper layers then decreases with x, and the flow in the boundary layer is also
directly decelerated by the pressure gradient. Therefore, at some point along x, the pos-
itive acceleration from the outer layer is cancelled out by the adverse pressure gradient
and viscous force from the boundary. The acceleration then becomes negative, so that
the flow velocity near the boundary decreases. At some point x4 (stagnation point), the
velocity becomes zero and the flow stalls. Further downstream, the velocity is negative so
that the flow reverses direction. At x4, the angle o on the right—hand side panel of the
figure above is zero. The fact that v, changes sign for x > z is due to the fact that the
inflexion point which has to be present on the graph above for dp/dz > 0 can only exist

if v, becomes negative near the boundary.

When dp/dx > 0, separation of the boundary layer from the rigid boundary at some

distance zs from the leading edge of the plate is therefore unavoidable.

This is illustrated on the figure below, which shows both the evolution of the velocity
profile in the boundary layer along the rigid boundary for dp/dz > 0, and the streamlines
around an aerofoil from which the boundary layer has separated. As indicated on the

figure, the combination of flows in two directions induces a wake of turbulent vortices.
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When separation occurs, Prandtl’s equation (4.9) does not apply anymore, as v, is no
longer very large compared to v,. In fact, separation occurs at the point where this
equation becomes singular (see Landau & Lifshitz, Chapter IV, §40, for more details).

As we have seen in the previous chapter, an object immersed in a flow does induce a
pressure gradient in the flow, so that the conditions for boundary layer separation may be
created by the object itself. For example, as shown in section 3.2.5, the pressure around
a cylinder immersed in a flow first decreases along the rigid boundary as the flow ’climbs’
from the leading stagnation point up to the top of the cylinder, and then increases as the
flow goes from the top down to the trailing stagnation point. Similar pressure gradients are
created on the upper surface of an aerofoil, as can be seen from the numerical simulations
displayed below, and which show the pressure contours for an angle for attak of 5° on the
left panel and 15° on the right panel (Credit: Kandil & Elnady, Int. J. Aerospace Sci.,
2017, 5, 1):
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The pressure is maximum at the edges, where there are stagnation points, and has a
minimum on the upper side. Therefore, we expect the boundary layer to separate at some
point along the upper surface of the aerofoil, and separation occurs closer to the leading

edge for higher angles of attack.

4.2.2 Effect of the Reynolds number on the separation

When the Reynolds number is low, molecular transport of momentum from the outer
layers down into the boundary layer is more efficient. Therefore, separation occurs further
downstream or can be prevented altogether when the Reynolds number is small enough.
Similarly, in a turbulent flow, as pointed out above, the flow near the rigid boundary is
accelerated by transport of momentum from the outer layers more efficiently than in a
laminar boundary layer. Therefore, turbulence also results in separation occurring further
downstream. Separation is said to be delayed. This yields to a narrower wake behind the
object.

The different situations which arise depending on the Reynolds number are indicated

on the figure below, which also shows the flow around a cylinder for Reynolds numbers of
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0.2, 26 and 105 (from An Album of Fluid Motion, M. Van Dyke):
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What is seen at Re = 105 is called a von Kdrmdn vortex street. It appears when vortices
are emitted alternatively by the flow on top and on the bottom of the object. The emission
is periodic. This leads to a lift on the cylinder which oscillates with time. In a realistic set
up, when the frequency of the oscillation matches some natural frequency of the object,

structural damage to the object may occur?.

4.2.3 Enhanced drag

As pointed out above, separation of the boundary layer results in the creation of a turbu-
lent wake on the downstream side of the object. Because of turbulent mixing, the pressure
in this wake is uniform and equal to that at the point where separation occurs. Therefore,
pressure in the flow downstream is lower than when there is no separation. This results
in a larger pressure drag on the object. This comes in addition to the viscous drag calcu-
lated above and due to the laminar sublayer at the surface of the plate which is always
present because of the no—slip condition. As seen on one of the figures in section 4.2.1,
the pressure distribution around aerofoils is such that boundary layer separation happens

closer to the leading edge at higher angles of attack, which causes airplanes to stall (see

2This led to the collapse of the Tacoma Narrows span Bridge in the USA in 1940, four months after
it had been opened. In that case, vortices were shed by the cylindrical cables in a periodic manner when
strong cross—wind were present. The ensuing resonance vibrations in the bridge resulted in its collapse.
It is this event that led von Kédrman to discover this periodic shedding of vortices. One of the insurance
policies could not be collected by the state of Washington, where the bridge was, because the insurance

agent had pocketed the premium believing that the bridge would never collapse...
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the discussion in section 3.3.7). This is illustrated on the figure below, which shows the

streamlines around an aerofoil for two different angles of attack:

Delaying boundary layer separation is therefore a major goal in the design of airplanes
or fast vehicles. This can be done by streamlining the aerofoil (or any fast vehicles), that
is to say by aligning its back surface with the unperturbed streamlines of the outer flow.
That is why many sea mammals or fishes have tapered caudal fin shaped like a crescent

mooin.

However, even if boundary layer separation over a wing can be prevented at small
angles of attack «, it does eventually occur when this angle gets larger than some critical
value a., as suggested by the figure above. When an aircraft cruises, it usually keeps a low
angle of attack. For take off or landing though, equation (3.54) indicates that « has to be
increased for a lift to be produced at low velocity, which is required to keep the lenghts
of runaways reasonably short. In order to get a lift as large as possible, wing flaps and
slats are used. These are small curved aerofoils that are fitted near either the leading or
trailing edge of the wing. When the flap with slat is at the leading edge, the flow coming
from below the wing and which passes through the gap between the flap and the wing
replenishes the boundary layer with high speed fluid, which opposes the adverse pressure
gradient and delays the separation of the boundary layer, increasing a.. When the flap is
near the trailing edge, the air passing through the gap adds momentum to the flow which
circulates around the wing and which is slowed down by the adverse pressure gradient.
This does not change «, significantly, but it increases the circulation and therefore the

lift, so that higher altitudes can be reached before the plane stalls.
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Another strategy is to delay boundary separation by making the flow turbulent. We
have seen that drag from a non—separated boundary layer is smaller when it is laminar.

However, the total drag produced by a laminar boundary layer which ends up separating is
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usually larger than the total drag produced by a turbulent boundary layer which separates
later. Therefore, devices tripping the boundary layer to turbulence can be installed near
the leading edge of the wings, so that separation is delayed and the drag can be controlled.

It is also to generate a turbulent boundary layer and reduce the pressure drag that
dimples are added on golf balls, for example. As can be seen on the figure below, which
shows the result of a numerical simulation, the separation occurs earlier and the wake is
larger when the ball is smooth (Credit: hitps://www.cradle-cfd.com/media/column/a170):

] | Separates do
the ball cen

Adding dimples reduce the drag by a factor of about two.
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Chapter 5

Waves

A wave is produced when a system at equilibrium is perturbed and subsequently oscillates
around its equilibrium state, as a result of a balance between the inertial force, which is
pDv /Dt for a unit volume of a fluid, and a restoring force. In this chapter, we will consider
sound waves, gravity waves, and gravity—capillary waves, for which the restoring force is
the compressibility of the fluid, gravity, and a combination of surface tension and gravity,
respectively. We will restrict ourselves to the linear theory of waves, which is valid for
small amplitude disturbances.

Gravity waves occur when a fluid at equilibrium is displaced vertically and subsequently
oscillates under the action of its intertial force and the external gravitational force. These
waves only exist if the fluid is stratified, that is to say if the density varies vertically.

When the variation is continuous, with the density decreasing with increasing altitude,
as in the atmosphere or in the oceans because of the gradients of temperature and/or
salinity, tnternal gravity waves are produced.

When the variation is discontinuous and confined to a surface, as at the interface
between the ocean and the atmosphere, surface gravity waves are produced. For these
waves, gravity is the only restoring force. However, if the wavelength of the disturbance is
short, surface tension becomes important and acts as an additional restoring force. The
waves are then called gravity—capillary waves. Both gravity and gravity—capillary waves are
produced by wind on the surface of oceans. In the opposite regime of a long wavelength
disturbance, as caused by the gravitational attraction of the Moon on the oceans, the

Coriolis force acts as an additional restoring force and we have tidal waves.

5.1 Sound waves

As the restoring force for sound waves is the compressibility of the fluid itself, we consider
the simplest case of an inviscid fluid with no external force. It is described by Euler

equation (2.30) where only the pressure force is present:

p (g‘t’ +(v-V) v> = —Vp, (5.1)
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and the mass conservation equation (1.21):

% +V.(pv)=0. (5.2)

We consider an equilibrium state in which the pressure and density are constant
throughout the fluid: v = 0, p = py and p = pg. This equilibrium is then perturbed,
meaning that the fluid is displaced and some fluid elements are compressed while others
are expanded. As we have four scalar equations for five variables, which are the three
components of the velocity, pressure and density, an energy equation is needed to close
the system of equations. We now consider in turn the case of a perfect gas like the air and

the case of a liquid like water.

5.1.1 Wave equation in a perfect gas

It was originally proposed by Newton that heat would flow very rapidly from the com-
pressed to the rarefied regions so that the temperature would stay essentially constant and
the perturbation would be isothermal. However, as argued later by Laplace, the opposite
actually occurs: as long as the scale over which the fluid is perturbed (that is to say, the
wavelength of the perturbation) is large compared to the mean free path of the molecules
in the fluid, heat flows from compressed to rarefied regions on a timescale long compared
to the period of the oscillations, so that the perturbation is essentially adiabatic (there
is negligible exchange of energy). Fluid elements therefore retain their entropy as they
move, which means that pp~7 stays constant for each fluid element, where ~ is the ratio
of the specific heat at constant pressure to the specific heat at constant volume. (In the
case where the wavelength is smaller than the mean free path, viscous forces cannot be
neglected and disturbances are damped).

If the perturbation is small, we can write v = vi, p = pg + p1 and p = pg + p1, with
p1 < po and p; < pg, and where the perturbed quantities depend on location r and time
t. Inserting into equation (5.1) yields:

(po + p1) <a(;;1 +(v1-V) V1> ==V (po+p1)-

For small perturbations, we linearize the equation' by retaining only the terms which are
first order in the perturbed quantities vy, p; and p;. Therefore, we neglect p; (Ovi1/0t)
and (v - V) vy, which are both quadratic in the perturbation. Since in addition pg is

uniform, the equation above gives:

—_— = —Vpl. (5.3)

Tn principle, we should write the equation in a dimensionless form and do an expansion using a small
parameter. However, the result would be the same as that obtained by the linearization process presented
here.
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Similarly, linearization of the mass conservation equation (5.2) yields:

0

Each fluid element retains its value of pp~" as it moves with the flow. Since this is equal to
popy | initially, before the fluid is perturbed, it means that pp~7 stays constant throughout
the fluid and equal to pop,~, yielding:

(po + p1) (po + 1)~ 7 = popy -

-
<1+pl> <1+p1> =1,
Po Po

or, to first order in the perturbed quantities:

This can also be written as:

b1 P1
= 45

=0. 5.5
Pbo Po ( )

We now take the divergence of equation (5.3) and substitute V - v using equation (5.4),

to obtain:
9*p1
ot2?

Replacing p; by its expression as a function of p; as given by equation (5.5) then yields

= V2p1.

the wave equation:

O’ YPo oo
A IRg2, ), 5.6
oz VP (5.6)

5.1.2 Wave equation in a liquid

Variations in pressure and variations in density are related to each other through the bulk

modulus, which measures the liquid’s resistance to compression and is defined as:

_,%

= 'Od,o' (5.7)

K has the dimension of a pressure. Integrating this equation between a time when the
system is at equilibrium, with p = pg and p = pg, and a subsequent time, when p = pg+p1
and p = pg + p1, gives:

Po

where we have used p1/pg < 1. We can therefore carry out the same calculation as for the

perfect gas, but replacing equation (5.5) by equation (5.8). This yields the wave equation:

82])1 K 2
— — —Vp1 =0. 5.9
o2 00 P ( )
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5.1.3 The speed of sound

Equations (5.6) and (5.9) show that the perturbed pressure p; propagates as a wave with
the phase velocity:

K/

) 5.10
o ( )

Cs —

which is the speed of sound in the fluid. Here K’ is the bulk modulus K if the fluid is a
liquid, and K’ = py if the fluid is a gas (this is also called the bulk modulus for a gas).
The speed of sound is a constant, that is to say it does not depend on the perturbation

itself, so that sound waves are non—dispersive (they keep their shape as they propagate).

In a perfect gas:

Air at sea level has a pressure Py = 1 atm ~ 10° Pa and a density py = 1.2 kg m™3.
Using v = 7/5 (diatomic gas) then yields ¢, = 342 m s~!, in excellent agreement with
experimental values.

For a perfect gas, Py = NkgT/V, where V is the volume occupied by the gas, N is
the number of molecules in this volume, T is the temperature and kg is the Boltzmann
constant. Since pgV is equal to the mass Nm of gas in the volume, with m being the mass
of a molecule, equation (5.10) becomes:

kBT

Cs .
m

Therefore, the sound speed in a perfect gas only depends on temperature. Due to the finite
temperature, the molecules have a random velocity with a mean square value <u2> given
by:

kT = %m <u2> ,

so that we obtain:

Cs = \/zx/m ). (5.11)

For v = 5/3 (monoatomic gas) or v = 7/5 (diatomic gas), this gives ¢, ~ 0.7+/(u?).

This result is not surprising since it is the motion of the molecules itself which propagates

disturbances involving compression of fluid elements.
This also justifies a posteriori that we have identified the fluctuating velocity of the

molecules in a gas with the sound speed in section 2.1.4.

In water:

The bulk modulus of water is K = 2.2 x 10 Pa at a temperature of 20° C. The high
value of K is a consequence of the near incompressibility of water. It is nearly constant
for temperatures up to about 300 K and decreases at higher temperatures. Since for water
po = 10% kg m—3, we obtain ¢, = 1483 m s~!, which again is in excellent agreement with

experimental values.
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5.1.4 Solutions to the wave equation

For a one dimensional wave p(x,t), corresponding to a compression occurring along the

r—axis, the wave equation becomes:

62101 2 82}71

57 Gy =0 (5.12)

The solutions are plane waves propagating with the velocity cg:
pi(z,t) = f(x — cst) + g(x + cst), (5.13)

where f and g describe waves propagating towards x positive and x negative, respectively.

If the compression is spherically symmetric, then p(r, t) and the wave equation becomes:

_ - =) =0. 14
a2 129 <T or ) 0 (5.14)
Using the new variable h(r,t) = rpi(r,t) yields:
0*h  ,0%h
_ g 1
o2~ o2 0, (5.15)

which solutions are the same as above, after replacing x with r. Therefore:

() = % F(r — est) + gr + est)] (5.16)

If the wave is produced by a sound emitted at some location, then the wave propagates
towards increasing values of r and g = 0.

As can be seen from equation (5.3), the fluid elements oscillate in the direction of the
pressure gradient, which is also the direction of propagation of the wave. Therefore, sound

waves are longitudinal.

5.1.5 Energy in sound waves

Although waves do not transport matter, they transport energy. Establishing an energy
equation for linear waves, which are calculated to first order in the perturbation, is subtle,
as the terms describing energy are second order in the perturbation. This will not be
presented here, but details can be found in Waves in Fluids, by James Lighthill (CUP).
In linear sound waves, the energy is equally divided between kinetic energy and the
potential energy associated with the restoring force, due to compressibility. This potential
energy is supplied by the work done by the excess pressure p—pg on a fluid which density is
increased from pg to p. The total energy is transported by the wave at the group velocity,

which is equal to the phase velocity cs as sound waves are non—dispersive.

5.2 Surface waves

As mentioned in the introduction to this chapter, surface waves are produced at the

(free) surface of a liquid when the liquid—gas interface is perturbed. If gravity is the only
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restoring force, we obtain gravity waves. At short wavelengths however, the surface tension
is important and the waves become gravity—capillary waves. We start this section by a
general analysis of surface waves, and then consider in turn these different types of waves.

The velocity and pressure satisfy Euler equation (2.30) with both pressure and gravi-

tational forces included:

ov .
p <8t +(v-V) v) = —Vp — pgz, (5.17)
where g > 0. Surface tension forces only act at the free surface, and therefore only enter

the boundary conditions.

5.2.1 Equilibrium state

We consider an interface between water and air which is flat when at equilibrium. Water
can be approximated to be incompressible, and here we take its density p = pg to be
constant. Viscosity is also negligible, and we assume that the flow is irrotational. This
is the case, for example, if the fluid is at rest initially (at equilibrium) as, according to
Kelvin’s theorem, a flow with constant density and subject to conservative forces retains
its vorticity at all times.

In the equilibrium state, vo = 0, so that Euler equation (5.17) in the z—direction gives
Opo/0z = —pog, where pq is the pressure at equilibrium. Since the surface is flat, there
are no surface tension forces acting along its normal. Therefore, continuity of the stress
at the surface (see section 2.3.3) implies po(z = 0) = patm, Where pag, is the gas pressure

at the interface. The solution of Euler equation is then:
po(2) = —pogz + Patm- (5.18)

5.2.2 Boundary conditions

z=n(x1t) We consider two dimensional waves. The axis
0 /I x z = 0 corresponds to the flat surface at equi-

librium and the equation of the perturbed free

surface is z = n(z,t). The depth of water is h.

The boundary conditions are as follows:
e the velocity at z = —h satisfies the no—penetration condition v, = 0,

e the velocity at the surface satisfies the kinematic boundary condition (2.38):

dz 0 0
vy (z,m,t) = i 8—2 —i—vxa—z, (5.19)
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e as seen in section 2.3.3, when both the fluid and the gas are inviscid, continuity of
the stress implies that, at the free surface, the net pressure force is equal and opposite

to the component of the surface tension force normal to the surface.

We now calculate explicitly this latter boundary condition.

We consider a line of length L at the surface

of the water. The molecules on one side of

_—7

Water surface this line exert a pulling force (tension) on the

molecules on the other side.

This force F is tangent to the surface and perpendicular to the line. Its value per unit

length is the surface tension ~.

We now consider the forces exerted on the
dashed surface element which is between x and
2 + dx and for which the length L is along the

y—axis.

Tension forces give a resultant force dF =
n(x + dx)

o F(xz + dz) — F(x) which component normal to
n(x

the surface element has to be balanced by pres-

sure forces, as seen in section 2.3.3.

In the figure above, the amplitude of the wave has been exaggerated for clarity but, in the
linear regime, this amplitude is small, so that the normal n to the surface element is equal
to z to first order. Therefore, the component of the tension force normal to the surface
element can be approximated by dF, = F(z + dz) -z — F(x) - z. Since F(x) is tangent to
the curve 7(x), the angle between F(z) and the z—axis is 6 such that tan 6 = 0n/0x. This
angle is small, so that tanf ~ sinf ~ 6, and F(z) -z = F(x) (On/0z). Doing a similar
calculation for the force at z 4+ dz, and using F(z) = F'(z + dz) = L, we obtain:

B on on _ 9%n
dF, =~L [3$>x+dx ax)j = ’ydeaﬁ. (5.20)

The pressure force acting on the surface element is (p(z,n,t) — patm) Ldzz. Since the
sum of the forces in the vertical direction is zero (see eq. [2.36]), we obtain the following

boundary condition:

0%n
p(l‘a??at) — Patm = _’7@ . (521)

If surface tension is negligible, that is to say v = 0, the equation above indicates that the

pressure in the fluid is equal to the pressure in the air at the free surface.
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5.2.3 Equation and boundary conditions for the velocity potential

Since the flow is both irrotational and incompressible, we can define a velocity potential

¢ which satisfies Laplace’s equation:

V24 = 0. (5.22)

Instead of solving Euler and the incompressibility equations for v and p, we can solve
Laplace’s equation for ¢. However, this requires to derive boundary conditions for ¢ from

the boundary conditions written above for v and p. This is the object of this section.

As for sound waves, we assume that the velocity and pressure in the perturbed state
can be written as v = vo + vi(z, 2,t) = vi(x, 2z,t) and p = po(z) + p1(z, z,t). Then, Euler

equation (5.17) yields:
ov R
po-g; ==V (bo+p1) — pogz, (5.23)

where we have neglected the quadratic terms in the perturbation on the left—hand side.
Since the pressure at equilibrium satisfies —Vpg — pggz = 0, the zeroth order terms cancel

out and the equation above becomes:

8v1
- = _Vp. 5.24
PO ot b1 ( )
Using vi = V¢, this equation can be written as:
o¢
=0 2
v (i +m) =0 (5.25)
which gives:
9¢
pi(x, z,t) = —poE(m,z,t). (5.26)

Any function of time could be added to pi, but it does not need to be written explicitly as
any function of time could be added to ¢ anyway without changing the velocity. At the
surface z = n(z,t), the pressure p(z,n,t) = po(n) + p1(x,n,t) is given by the boundary
condition (5.21). As po(n) is given by equation (5.18) with z = 7, this yields:

0%n

pl(xa m, t) = 00977(95, t) - 7@7 (527)
so that equation (5.26) at z = 7 can be written as:
9¢ v 9%
— t) =— )+ ——. 5.28
5t (z,n,t) = —gn(=x,t) + P (5.28)
Expanding the left-hand side in Taylor series gives:
0¢ 0¢ 9*¢
— t) = —(z,0,t 0,t)+--- 5.29
at (xvnv ) 81: (xﬂ Y )+’r]828t($7 I )+ ( )

Since V¢ = vy, ¢ is first order in the perturbation, and the second term on the right
hand—side of the equation above is quadratic in the perturbation. To first order, we then
neglect it and substitute into equation (5.28) to obtain:

9¢ v 9%
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We now use the boundary condition (5.19) which, to first order in the perturbation,

becomes:

_ M
ot
(Both the displacement 7 and the velocity v, are small quantities, so v 5(9n/0x) is

U1,z ($7T,7t) (531)

quadratic in the perturbation). Expanding the left—hand side in Taylor series gives:

81/1
V1,2 (J?, m, t) = V1,2 ($, 0, t) +n azjz

(2,0,t) + - (5.32)

Identifying with equation (5.31) and keeping only first order terms in the perturbation
then yields:

0

i (2,0,8) = aiz' (5.33)
Using vy, = 0¢/0z, this equation can be written as:

99 on

— 0,t) = — | 5.34

0z (2,0,7) ot (5:34)

Finally, the no—penetration condition at the bottom of the water becomes:

o¢

—(z,—h,t) =0]| 5.35

a,—h,t) (535)

Surface gravity waves are the solutions of Laplace’s equation (5.22) for —h < z < 0
subject to the boundary conditions (5.30) and (5.34) at z = 0 and (5.35) at z = —h.

5.2.4 Dispersion relation

We look for a surface displacement under the form of a sinusoidal wave travelling in the

positive z—direction, that it to say:
n(xz,t) = Acos (kx — wt), (5.36)

where A is the amplitude of the displacement, k& > 0 is the wavenumber and w is the
frequency. Note that here we cannot think of the equilibrium state being perturbed at
some time ¢ = 0 for example, as n cannot be zero at all values of z at a given time. The
form of n above tells us about the perturbation after it has been set up, but not about
how it was set up.

With 7 of the form above, equation (5.30) becomes:

gf(x, 0,t) =— <g + 7;:) Acos (kx — wt), (5.37)
and equation (5.34) becomes:
gi(a}, 0,t) = Awsin (kx — wt) . (5.38)
This indicates that ¢ is of the form:
d(x,z,t) = f(2)sin (kx — wt). (5.39)
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Substituting into Laplace’s equation (5.22), we obtain:
f'(z) = K f(z) = 0.

The solutions are f(z) = Ciek% + Cheh? , where C'1 and Cs are two constants. The no—
penetration boundary condition (5.35) then yields: Cie " — Cyef" = 0, so that f(z) =
C' cosh [k(z + h)], where C' is a constant. This gives:

¢(x,z,t) = Ccosh [k(z + h)] sin (kz — wt) . (5.40)
Equation (5.37) then yields:
A vk?
= — — . A1
¢ wcosh(kh) (g + £0 ) (5.41)

Substituting this expression for ¢ into equation (5.38) then gives the dispersion relation:

w? = gk (1 + A2k?) tanh(kh), (5.42)
where we have introduced the capillary length:
Ao = [ (5.43)
gpo

It is the length below which surface tension forces dominate over gravity?. For water,
Ae ~ 3 x 1072 m at T ~ 20°C, and it varies only weakly with temperature.

At some time ¢ and some position = along the x—axis, the phase of the wave is kx — wt.
At a time t+dt, this phase has advanced to +dx such that k(z+dz) —w(t+dt) = kz—wt.
Therefore, kdx = wdt, and the phase velocity (speed at which the phase of the wave travels)
is given by v, = da/dt = w/k. Using the dispersion relation above, this gives:

k

vy, = \/g (1 + A2k2) tanh(kh). (5.44)

The waves are dispersive: waves with different wavenumbers travel at different speeds.

Let us assume that \. < h, which is reasonable since for water A, is a few mm. We then

have the following different regimes:
e capillary waves: A < A\, < h,
e gravity—capillary waves on deep water: A ~ A\, < h,
e gravity waves on deep water: A, < A < h,

e gravity waves on shallow water: A, < h < A.

Since vi = V¢ and ¢ given by equation (5.40) depends both on z and z, fluid elements
oscillate in both the x and z directions so that surface waves are neither longitudinal nor

transverse.

2For example, water droplets with a radius smaller than the capillary length have a shape determined

solely by surface tension effects, and are therefore spherical.
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5.2.5 Dispersion and group velocity

To understand the effect of dispersion, we now consider a disturbance which is the super-
position of sinusoidal waves travelling in the positive z—direction®:
“+o0o
n(z,t) = / la(k)| cos (kx — wt) dk. (5.45)
0
This is the real part of:
+o0 .
iz, 1) = / a(k)eika=eD g (5.46)
0
Since w(k), each Fourier component travels with a different speed velocity.
n We assume that the coefficients a(k) are
non zero only in a narrow interval of
0 wavenumbers centered on kg. Such a dis-

turbance is called a wave packet and is

represented on the figure.

Performing a Taylor expansion of w in the vicinity of kg to first order yields:

w(k) = wo + (k — ko)vg(ko), (5.47)
where we have defined:
dw
Y= 1% (5.48)

Therefore, equation (5.46) becomes:
ii(z,t) = Az, t)elkor—w(ko)t) (5.49)

with: oo
Al t) = / ()i k—ko) v (ko)) g (5.50)
0

where we have kept the integral from 0 to 400, even though the Taylor expansion above is
valid only in the vicinity of kg, because the values of k outside of a narrow band centered
on kg correspond to negligible a(k) and therefore do not contribute to the integral. This
expression shows that 7 can be approximated by a sinusoidal wave with wavenumber
ko and frequency w(kp), travelling at the speed v, = w(ko)/ko, which amplitude A is a

function of x and t through the combination x — v4(ko)t.

3According to the Fourier integral theorem, any function f (z) which is absolutely integrable can be

1 Foo r ikx
f@) = —= /  ftgetar,

r 1 Foo —ikx
f) = —= [ " s@ean

The function f is the Fourier transform of f, and f is the inverse Fourier transform to f .

written as:

with
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Therefore, the amplitude, which is called the enwvelope of the wave packet, is also a

wave and it travels at the velocity vy(ko), which is called the group wvelocity of the

wave packet.

If the wave is non—dispersive, then v, = w/k is a constant, which implies that w oc k and
therefore v, = v,. In that case, the envelope travels at the same speed as the phase of the

individual components.

The effect of dispersion can be seen by continuing the Taylor expansion of w(k) in

equation (5.47) to second order in k — ko:
1
w(k) = wo + (k = ko)vg (ko) + 5 (k — ko)W (ko). (5.51)
With this extra term included, the amplitude A becomes:
+OO . 1 1"
A(z,t) = / a(le)eitk—ko) {z= v (ho) + 4 (h—ko)e(ho) ]t} g (5.52)
0
This shows that the velocity at which the envelope travels is:
1 "
vg(ko) + Q(k — ko)w" (ko).

Remembering that %k is in a narrow interval centered on kg, this means that the velocity
is vg(ko) for the main component which is at k& = kg, but that the velocity is slightly
decreased or increased for values of k£ on either side of ky. Therefore, the different Fourier
components of the wave packet travel with slightly different velocities, which results in the
envelope spreading with time: this is the effect of dispersion. If w < k, w” = 0 and there

is no dispersion.

W

MW\'“ The figure below shows a wave packet travel-
J\W ling in the x—direction. Dispersion results in a
NW flattening and broadening of the envelope.

A ] ( Credit:
T e— http://www.jick.net/ jess/hr/skept/GWP)/)

|
|
| il
|
i

5.2.6 Surface gravity waves on deep water

Here we focus on waves such that A\, < A < h, that is to say for which the surface tension

does not play a role and which wavelength is small compared to the depth of water.
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Phase and group velocities:

When kh > 1, tanh(kh) ~ 1. Therefore, the dispersion relation (5.42) can be approxi-
mated by:

w? = gk. (5.53)

This yields the phase velocity:

v, = \/z - \/g (5.54)

This shows that longer wavelengths travel faster than shorter wavelengths. The difference
between the speeds of different wavelengths is significant, as \/g/(27) = 1.25 m'/2 s~1.

Surface gravity waves in the oceans have wavelength typically in the range 1-100 m, for

which the phase velocity varies from 1.25 to 12.5 m s~'. The corresponding periods are
T = \/v, in the range 0.8 to 8 s.

Differentiating the dispersion relation above yields 2wdw = gdk, and therefore the
group velocity (5.48) is vy = dw/dk = g/(2w), which can also be written as:

vy =)L =t (5.55)

As with sound waves, the energy in linear gravity waves is equally divided between
kinetic energy and the potential energy associated with the restoring force, which here is

the gravitational potential energy, and is transported at the group velocity.

Motion of fluid elements:

The velocity potential ¢ is given by equations (5.40), in which C is given by equa-
tion (5.41) with the surface tension term being negligible. Since kh > 1, we have
cosh(kh) ~ sinh(kh) ~ e*" /2, so that:

cosh[k(z + h)] _ cosh(kz) cosh(kh) + sinh(kz) sinh(kh) o
cosh(kh) cosh(kh) -

z

Therefore: N
oz, z,t) = ;gekz sin (kz — wt) . (5.56)

The components of the velocity vi = V¢ are then given by:

v1.2(, 2, 1) = Awe®? cos (kx — wt), v (x, 2,t) = AweF? sin (kx — wt) (5.57)

2. We consider a fluid element which at equilibrium is at

where we have used gk = w
(0, 2z0). It is displaced by the perturbation so that its location becomes (x = z¢ + 1,2 =
2o + 21), where |z1| and |z;| are small. We perform a Taylor expansion for vy 4:

avl,x

t
- (w0, 20,t) + 21 o

ovy
v1,2(2, 2,t) = v12(20, 20, 1) + 21 3 =

(0, 20,t) + - -+
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Therefore, to first order in the perturbation, vy 4(x, z,t) = v1 4(20, 20, t), and similarly for
v1,.. The velocities then only depend on time, and we can replace x by z¢ and z by zp in

equations (5.57) to obtain:
12 (t) = AweP™ cos (kzg — wt), v1.(t) = Awe™ sin (kxzg — wt) . (5.58)
As vy 5 = dz/dt and vy, = dz;/dt, we then obtain:
z1(t) = — A sin (kxzg — wt) + Dy, 2 (t) = Ae™ cos (kxg — wt) + Dy, (5.59)

where Dy and Dy are two constants. As mentioned above, given the form of  we have
assumed, the system is not at equilibrium at ¢ = 0, and therefore we cannot use this

condition to calculate Dy and Ds. However, the equations above yield:
(z1(t) — D1)? + (21(t) — Dg)? = A%e?k20, (5.60)

which indicates that the perturbed fluid elements move along a circle centered on (Dy, Da).
Physically, this center has to be the equilibrium position of the fluid element, since x; and
z1 are departure from equilibrium. Therefore, D1 = zg and Do = zg, and a fluid element
which is displaced from its equilibrium position (xg,z9) subsequently moves along a circle

centered on this point and with radius Ae*#.

et Wavelength ————————»,

The figure illustrates the path

of fluid elements displaced from

Direction of waves

TN : r-yY.7.17.3 =7 T\ e Wave their equilibrium position. The
5] AL A A Y | g . .
n v radius of the circles decreases

exponentially with depth.
(Credit:
https://www.nortekgroup.com/)

5.2.7 Surface gravity waves on water of finite depth

We now consider the case where we still have A\, < A, that is to say surface tension does
not play a role, but when the wavelength is not small compared to the depth of water.

The dispersion relation (5.42) then becomes:

w? = gktanh(kh), (5.61)

Vp = 1/%tanh(kh), (5.62)

so that here again the waves are dispersive.

and the phase velocity is:
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The case corresponding to h < A, that is to say kh < 1, is called the shallow water
regime. Using tanh(kh) ~ kh then yields:

vp = \/gh, (5.63)

which indicates that surface gravity waves on shallow water are non—dispersive.  The

fact that v, decreases when the depth of water decreases explains the breaking of waves
on a steep beach. This happens because, as the wave approaches the beach, its velocity
decreases, and therefore so does its wavelength. The wave is then ‘squeezed’ into a nar-
rower volume, and its amplitude has to increase for mass to be conserved (this can also
be understood from the point of view of energy conservation, as potential energy has to
increase to compensate for the decrease in kinetic energy). This process is called shoaling.
When the amplitude of the wave is large enough, a crest overtakes the trough which is
directly in front of it and goes slower (as it reaches shallower depths first), which results

in the wave spilling or plunging forward: the wave breaks.

In the same way that we have shown that fluid elements displaced from their equilib-
rium position move along a circle in the case of deep—water, it could be shown that the
fluid elements move along ellipses in the case of finite depth. This is illustrated on the
figure below (from Ahmed et al., JMST, 2010, 24, 943), which shows that the ellipses

become more flattened as the depth of water decreases.

deep water intermediate depth shallow water

Z ———p Wwave direction
' x
OB sl - T Wty ® ‘

e P ——

5.2.8 Gravity—capillary waves

Surface tension becomes important when A is on the order of or smaller than the capillary
length A.. Such waves are called ripples. As A, is a few mm in water, the deep water
approximation is usually relevant, so that kh > 1. Therefore, the dispersion relation (5.42)

becomes:

w? = gk (1+ A2k?). (5.64)

When Ak > 1, gravity is negligible and we have capillary waves, for which the disper-
sion relation is w? = gA\2k3 = vk3/po, where we have used equation (5.43) for A.. Their
phase and group velocities are v, = \/vk/p and vy = 3v,/2, respectively, so that the en-

velope of wave packets travel faster than the phase of the individual Fourier components.
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capillary

U,
! “L-| f— deep — f— shallow - This figure shows the phase velo-
city v, as a function of wavelength
v, < A71/2 = Jgh .
g A for the different type of surface

waves mentioned above. The phase
velocity has a minimum for A ~ A..

1J(p,min

5.3 Internal gravity waves

We now consider the waves for which the restoring force is gravity acting in a fluid in
which the density varies continuously with height. In general, the density decreases with
height, and this is what we assume here.

The flow satisfies Euler equation with both pressure and gravity included:

p (%: +(v-V) v> = —Vp— pgz. (5.65)

We assume that the fluid is incompressible, so that we have:
V.-v=0. (5.66)

Using this condition, the mass conservation equation (1.22) yields:

Dp 0Op

—=—+4+(v-V)p=0. 5.67

bt~ g TV V) (5.67)
It expresses the fact that, in an incompressible flow, fluid elements retain their density
as they move. This is a good approximation for describing internal gravity waves in the
oceans, but not in the atmosphere where, instead of retaining their mass density, fluid

elements retain their entropy as they move, as in the case of sound waves (section 5.1.1).

5.3.1 Buoyancy frequency

We consider a fluid element located at z and which moves upwards to z + dz while con-
serving its density po(z), where pg is the density at equilibrium. The density of the fluid
surrounding it at z + dz is smaller, being po(z) + (dpo/dz)dz. The fluid element, there-
fore, has an excess density over that of the surrounding fluid which is —(dpg/dz)dz. This
results in an excess weight g(dpy/dz)dz (directed downwards) per unit volume of fluid for

the element, so that the equation of motion for the fluid element can be written as:

d%(6z)  dpo
PO a2 —9552. (5.68)
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Therefore, the fluid element oscillates with the buoyancy frequency N defined as:

g dpo
N2=_2-00 5.69
0o dz (5.69)

Here we have assumed that the displacement of the fluid element was purely vertical. As
we will see below, any additional horizontal component would reduce the frequency of
the oscillations, so that N is the maximum frequency for oscillations under gravity. The
analysis above is still valid if dpp/dz > 0, but in that case N2 < 0 and, as will be discussed
in chapter 6, the displacement is then unstable: the fluid element keeps moving upwards

after it is displaced®.

5.3.2 Dispersion relation

We now solve the full equations above satisfied by the flow for a general linear perturbation.
We consider an equilibrium in which the velocity is zero. The density pg and pressure pg

vary only with z, so that Euler equation gives:

dpo
= —0. 5.70
4 po(2)g (5.70)

As for surface waves, we consider two dimensional small perturbations in the (x, z) plane so
that v(z, z,t) = vi(z, 2, 1), p(x, 2,t) = po(z) + p1(x, z,t) and p(x, z,t) = po(2) + p1(z, 2, 1),
with p1 < po and p; < pp. Substituting in equations (5.65), (5.66) and (5.67) and keeping

only terms of first order in the perturbed quantities yield:

Ovia _ _Op Ovi. _ _Op1 _
ot ox P Tar T e T Y
(5.71)
Ovig  Ovi, op1 dpo
o "o, 0 oy ey 7O

Note that the zeroth order terms in equation (5.65) drop as they themselves satisfy Euler

equation.

“Here we have considered an incompressible fluid in which fluid elements retain their mass density as
they move. As mentioned already, this is a good approximation in the oceans, but not in the atmosphere
or in a star, where the fluid is a gas. A similar analysis can still be done by considering that fluid elements
retain their entropy as they move, for the same reason that we have assumed adiabatic perturbations in
the case of sound waves in section 5.1.1. On the other hand, pressure balance between the fluid element
and its new surrounding as it is displaced is achieved on a timescale shorter than the timescale on which
the displacement occurs (as it is given by the sound crossing time through the fluid element). Writing the
condition for stability in that context leads a similar result as that described in this section, but with the
buoyancy frequency (5.69) replaced by the so—called Brunt—Vidisald frequency N and defined as:

1dInpo dIn po
N2=g|[= -
g(v dr dr )’

where 7 is the local radius and g the local gravitational acceleration. When N2 < 0, the equilibrium is
unstable and convective motions persist. The Sun, for example, has a large convective envelope in its outer

parts in which the flow rises from below as described here.
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We look for plane wave solutions of the form:

Dig(@,2,t) = V,ellherthezel) (5.72)
U@, z,t) =V, ellkertheaul) (5.73)
Pr(w,z,t) = Pelhertheeet) (5.74)
pr(x,z,t) = R ellkerthez—wt) (5.75)

where a tilde indicates a complex quantity. The real parts have to be taken to obtain the

physical quantities. Substituting into the linearized equations (5.71) yields:

wpoVy — ke P =0, (5.76)
iwpoVs —ik.P — gR =0, (5.77)

koVi + k. V. =0, (5.78)

dpo~ . =

gvz —wR =0. (5.79)

This system has a non—trivial solution only if the determinant of the coefficient matrix is

zero, which yields the dispersion relation:

Nk,
~ k

w = Nsin0, (5.80)

where k = \/k2 + k2 and 0 is the angle between the wavenumber k = k,%X + k.2 and
the z—axis. If there is no stratification, N = 0 and w = 0, which makes it clear that
the restoring force is due to stratification. If k, = 0, w = N, as expected since in that
case equation (5.78) implies that v, = 0 and the fluid elements oscillate as described in
section 5.3.1. If k, = 0, w = 0, again as expected since in that case equation (5.78)
implies that v, = 0, which means that the motion is in the z—direction in which there
is no restoring force. For that reason as well, the frequency of the oscillations is smaller
when the motion is not purely vertical, so that w < N.

Here we have considered a free oscillation, that is to say an oscillation that results from
some initial disturbance and occurs with the system own natural frequency. If instead the
oscillation were forced, then both £ and w would be given by the forcing process. For
example, when the waves are produced by water flowing over a ridge in the ocean or air
moving over hills in the atmosphere, k is given by the geometry of the ridge/hills and w
by the speed of the flow. The result above then shows that only waves with frequencies

smaller than N can propagate.

The phase velocity is v, = w/k and is in the direction of k, so that we can write:

Nk, k
Vo=t (5.81)

In the same way that we have shown that the group velocity for a one dimensional wave

is v4 = dw/dk (section 5.2.5), we could show that, in two dimensions:

ow ow
= Xt (5.82)

Vg
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Therefore, here, we obtain:

(k% — ko) . (5.83)

k3

This shows that the group velocity is perpendicular to the direction in which the wave

propagates!

In other words, the envelope of wave packets and the
energy propagate in a direction which is perpendicu-
lar to the direction of propagation of the crests and
troughs, as illustrated on the figure.

(Crredit: http://www.po.gso.uri.edu )

5.3.3 Motion of fluid elements

Equation (5.78) can also be written as k - v = 0, which means that the waves are trans-
verse: fluid elements oscillate along lines perpendicular to the direction of propagation k,

that is to say along lines of constant phase.

Z The figure illustrates the motion of a fluid ele-

lIne of canstant phase ment (represented by the blue dot). The pres-
sure force F,, = —Vp = —kp is perpendicular
to the lines of constant phase and directed up-
wards (since pressure decreases upwards). The

weight W is downwards, and the resultant net

x force is along the line of constant phase, as this

is the line along which the fluid element moves.

We can recover the frequency of the oscillations by doing the same analysis as in sec-
tion 5.3.1. A displacement ] along a line of constant phase corresponds to a vertical
displacement 6z = §lsiné. Therefore, the weight W acting on the excess mass that
the fluid element has relative to its surrounding is W = —N26z = —N?2§lsinf per unit
mass of the fluid element. The component of the weight perpendicular to the line of
constant phase balances the pressure force, so the net force acting on the fluid element
is Wsin = —N?26lsin?f. Therefore, writing an equation of motion similar to equa-
tion (5.68) (replacing dz by dl), we obtain that the frequency of the oscillations is N sin 6,

in agreement with equation (5.80).
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The figure illustrates the motion of fluid
elements and propagating internal grav-
ity waves.

(Credit: http://www-eaps.mit.edu )



Chapter 6

Instabilities and turbulence

In chapter 5, we have discussed the propagation of small perturbations in a fluid. As
already mentioned, using the Fourier integral theorem, it is always possible to write a
perturbation as a linear combination of Fourier components el*#=«%) the physical quantity
being the real part of this complex function. We obtain a relation between w and k
(dispersion relation) by writing that the perturbed quantities satisfy Euler’s equation,
the incompressibility condition and the boundary conditions. For surface waves, we have
found that w was always real, which means that the perturbation is a wave propagating
in the positive = direction. However, in the case of internal gravity waves, when N? given
by equation (5.69) is negative, which is the case when the mass density increases with
height, the dispersion relation (5.80) yields the imaginary frequency w = #iv/—N2k, /k.
The term el“l is then present in the expression of the perturbation, which means that
the perturbation grows with time: it is unstable. This is not surprising as a heavy fluid
element displaced downwards, where the fluid is lighter, will continue to sink instead of
oscillating around its equilibrium position.

Linear stability theory deals with the growth of very small perturbations which can be
treated in the same way as we have treated waves in the previous chapter, by keeping only
first order terms in the perturbation in the equations. Of course, after the perturbations
grow beyond some amplitude, linear theory is not valid anymore. Therefore, this theory
only allows to study the onset of instabilities, and cannot be used to describe the develop-
ment of the instability when non—linear terms become important. As we are going to see
in this chapter, there are a number of instabilities which develop starting with very small
perturbations. However, in some cases, instabilities arise only when perturbations reach
a certain amplitude. These are called finite amplitude instabilities and will not be studied

here.

6.1 Kelvin—Helmholtz instability

We consider a fluid of density py which is above another fluid or density p; > p2. Both
fluids are inviscid and incompressible, and we take their densities to be constant. When the

interface between them is perturbed, we obtain stable surface gravity waves, as studied
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in chapter 5. However, the perturbation may become unstable if the two fluids move
with respect to each other. In other words, a gravitationally stable stratification may be
destabilized by shear. This is called a Kelvin—Helmholtz instability and is the focus of this
section.

We assume that the fluid on top moves with velocity Ux, where U is a constant,
whereas the fluid at the bottom is at rest. At equilibrium, the interface between the two

fluids is flat and in the z = 0 plane.

The interface between the two fluids is

perturbed such that its equation becomes

z = n(x,t), with n being the real part of:

fi(z,t) = Aelthe=wt), (6.1)

6.1.1 Boundary conditions

The analysis presented here follows closely that done for surface waves in section 5.2. We
take into account gravitational, pressure and surface tension forces. Both fluids satisfy
Euler equation (2.30):

p <aa‘tf +(v-V) v) = —Vp — pgz, (6.2)

where g > 0.

The boundary conditions at the interface are as follows:

e the kinematic condition (2.34) yields:

(6.3)
where v; , and v; . are the components of the velocity in fluid 4, for i = 1,2;

e pressure forces are equal and opposite to surface tension forces (see section 2.3.3).
As shown in chapter 5, this yields (see eq. [5.21]):

82
Pl(ﬂfaﬁa t) 7p2($a777t) = 77871:,277 (64)

where p; and po are the pressures in fluids 1 and 2, respectively, and + is the surface
tension.
6.1.2 Dispersion relation

We note v; = v;o + V; the velocity in fluid ¢, where v; ¢ is the velocity at equilibrium

and v, is the perturbed velocity. We have vog = Ux and v = 0. Since the fluids are
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incompressible, we can then define the velocity potential ¢; such that v; = V¢;. Given
that the fluids at equilibrium are also incompressible, we can write ¢; = ¢; 0 + ¢}, with
vio = Vo and v, = V¢.. Similarly, we have p; = p; o + p}, where p; o is the pressure at
equilibrium and p} is the perturbed pressure in fluid 7.

In equation (6.3), v; . is the perturbed velocity since the equilibrium velocity has no

vertical component. Therefore, this equation gives:

o on

Oz (x7777t) = av (65)
Ol _On on
5, @mt) = S +Us, (6.6)

order, we also have that 0¢,/0z at (z,n,t) is

equal to its value at (z,0,t) (see section 5.2.3). Therefore, we obtain:

to first order in the perturbation. To this

od an

9, ( 0,t) = TR (6.7)
8¢2 @ on

9, (2,0,t) = 5 + U(’?x (6.8)

Since the flows are irrotational and with constant densities, Bernoulli’s theorem can

be expressed as (eq. [2.59)):

15)
Pi (;iz + pw + pi + pigz =0, (6.9)
which can be written as:
0 / 1 r\2 2

Pigy (di0 + @) + SPi [(Ui,o + i) + vi,z} +pi + pigz = 0. (6.10)

For fluid 1, this gives at z = n:

/

p1 8t1 (z,m,t) + p1 (x,1,t) + prgn (z,t) =0, (6.11)

where we have neglected v/ ~, and Vi > as they are second order in the perturbation. To
first order, d¢ /0t at (z,7,t) is equal to its value at (z,0,t) (see section 5.2.3). Therefore,
equation (6.11) yields:

a /
o) = o (S 0.0 +an (o)) (6.12)
For fluid 2, equation (6.10) at z = n becomes:
Ot 1 09!
p2 ;;2 (,m,8) + 5p2U" + poU ;;2 (,7,8) + pa2 (2,1,1) + po2gn (2,1) =0, (6.13)

where we have used ”/2,90 = 0¢,/0x and neglected second order terms. Since any function
of time can be added to ¢}, without changing the velocities, the term pU?/2 can be
subsumed into d¢) /0t by adding U?t/2 to ¢4. Replacing ¢, /0t and d¢h /0w at (x,n,t)by

their values at (z,0,t) then yields:

0,
ot

p2(w,m,t) = —p2 (

(aUOt)-i-U8

qb/

(2,0,t) + gn (m,t)) : (6.14)
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Substituting equations (6.12) and (6.14) into the boundary condition (6.4) then gives:

o Ol Ol A
p1 ( (x,0,t) +g77) — p2 < 5 (2,0,t) +U O (2,0,t) +gn | = T2 (6.15)

ot

As in the case of surface waves (section 5.2.4), we look for complex solutions under the
form:

lel — fl(z)ei(kxfwt% (5/2 _ fQ(z)ei(szwt)' (6.16)
Since both ¢} and ¢), satisfy Laplace’s equation, we have:
f”i(z) — kai(Z) = 0.

The solutions are a linear combination of €¥* and e™**. We assume that the height of fluid
on both sides of the interface is large compared to the wavelength of the perturbation, so
that ¢} and ¢}, go to zero when z go to —oo and +o0, respectively. This implies f; = K;e*
and fo = Kye %% where K, and Ky are two constants.

Inserting in equations (6.7), (6.8) and (6.15) then yields:

Kik = —iwA,
—ng‘ = iwA(—w + Uk),

1 (—wKy + gA) — po (miwKs + UKk + gA) = —vk2A.

This system has a non—trivial solution for K7, K and A only if the following dispersion

relation is satisfied:

(p1+ p2)w = paUk + {(p1 + p2) [k + (p1 — pa) gk] — p1paU2K> 7. (6.17)

6.1.3 Instability condition

If the term in the square root in equation (6.17) is negative, then w is complex and can
be written as w = wpr & iwy. In that case, the term el“Ilt is present in the expression of ¢Z’ 1
and ¢/, given by equation (6.16): the perturbation grows exponentially with time, which
means it is unstable'.

Therefore, the instability condition is:

(1 + p2) [VK® + (p1 — p2) gk] — p1p2U”k* < 0, (6.18)

! Any general disturbance can be written as:
+oo ik x
/ a(k)e ke« BN g

Therefore, if there exists a value of k for which w(k) is complex, the perturbation will grow exponentially
with time. Instability can only be avoided if a(k) = 0 for the unstable wavenumbers, which requires the

perturbation to select particular values of k.

116



which can also be written as:

U2
AP s 2, (6.19)
(p1+ p2)
where we have defined:
) _PL—p2g vk? >
ch = =14+ ——. 6.20
0 p1+p2k< g9 (p1— p2) (6:20)

o is the phase velocity of the surface wave which propagates as a result of the perturbation

when U = 0 (when ps < p1, we recover w/k with w given by eq. [5.64]).

VP1P2 U
P1 + P2 o (k)
Unstable /-7 The figure shows the region of instability
in the (k,U) plane.
Comin [~"""""7 v Stable
Gravity E Capillarity
stabilizes i stabilizes
: k
0 k

The minimum velocity co min is given by:

2

i — Do), 6.21
P 9 (p1 — p2) (6.21)

C0,min =

and it corresponds to the wavenumber k. = 1/A., where \. is the capillary length:

’Y

A= J—"T
g (p1— p2)

(6.22)
This is equivalent to equation (5.43) when py < p;.

6.1.4 Physics of the instability

When the interface is perturbed, the

rci“g’gir; lower v streamlines are brought closer to each
/\h'ghei/- other above the crests and below the

troughs, so that the flow velocity in-

creases there (due to mass conservation),

lower v which implies that the pressure decreases
higher p higher v

lower p (due to Bernoulli’s theorem).
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Similarly, the velocity decreases and the pressure increases under the crests and above the
troughs. Therefore, pressure forces amplify the perturbation, which is the basis of the
instability. Gravitational forces tend to stabilize the flow, as they oppose the upwards
motion of the heavier fluid which is at the bottom. Similarly, surface tension stabilizes
the flow by opposing the deformation of the interface. Gravitation and capillarity are
more effective at large and small wavelengths, respectively, with comparable contribution
at A~ A..

When the perturbation starts growing, the upper part of the interface moves with the
velocity of the fluid at the top whereas the lower part moves with the velocity of the fluid
at the bottom, which results in the deformation of the fronts and produces a rolling up of

the interface, as indicated on the figure below:

The evolution of the flow can also be understood in terms of the vorticity. At equilibrium,
the circulation | ¢ v-dl around a rectangular contour C' across the interface with two sides
parallel to the interface is equal to +UL, where L is the length of the sides along the
r—axis. Using Stokes theorem, this is equal to the flux of vorticity through the surface
delimited by the contour. Since the flows on both sides are irrotational at equilibrium, the
vorticity is localized on the interface, where the shear is present (as U varies discontinu-
ously at the interface). When the interface is perturbed, this vorticity sheet is deformed,

and the subsequent evolution is constrained by Kelvin’s theorem.

This instability may also occur when
there is a continuous gradient of density
and velocity, instead of a sudden jump at

an interface, as in layers of clouds.

6.2 Rayleigh—Taylor instability

See Problem Set 5.

118



6.3 Turbulence

In some cases, the growth of perturbations due to instabilities in the non—linear regime
leads to a transition to turbulence. The instabilities described in the above sections are
due to a particular gradient of density or velocity. However, it is an experimental fact
that every shear flow becomes turbulent when its Reynolds number exceeds a critical
value Re. ~ 103. The structure of a turbulent flow is very complex and non predictable.
However, statistical methods can be used to derive some properties of turbulence. In this
section, we assume that the density p is constant (in space and time), which implies that

the fluid is incompressible.

6.3.1 The Reynolds stress

In a turbulent flow, velocities have random fluctuations around a mean value. This is

expressed by the co—called Reynolds decomposition:
v=V+v, (6.23)

where V. = (v) and (v') = 0, with the brackets denoting an average. The different
quantities depend both on location r and on time ¢. In general, if the flow is time—
dependent, (v) corresponds to the average of the velocity over a large ensemble of flows
with the same properties. However, if the flow varies on a timescale T' long compared
to the characteristic timescale 7 of the fluctuations, or if the flow is time-independent
(infinite T'), the average may be calculated over a time large compared to 7 and small
compared to T. A similar decomposition can be made for the pressure and the viscous
stress tensor (2.13):

p=P+p, o,=25;+ agj, (6.24)

where P = (p), Si; = (0i;) and (p/) = <agj> = 0. Given the way average quantities are

calculated, it is straightforward to show that the spatial derivative of an average quantity

is equal to the average of the spatial derivative of that quantity:

g;i :<ai>'

This is also valid for the time—derivative:

2-(3)

but, when the flow is time—dependent, this requires 7 < T'.

Interchanging the average and space derivatives, we can write the average of the viscous

stress as:

ov;  0V;
= ) 2
Sij = pv (8% + 3$i> (6.25)
The flow satisfies Navier—Stokes equation (2.20):
81)2‘ ap 6aij
. ;= — i) 6.26
P o +p(v-V)v 8xi+8$j+f (6.26)
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where f includes all the forces per unit volume which act on the fluid. Using the Reynolds
decomposition above, this equation can be re—written as:
0 0 0
pe Vit o)) +p[(V4V) - V] (Vi+v) === (P+7)+ 5 (Sij + o) + fi. (6.27)
ot 8331 8$j
We now average this equation over a time long compared to 7 but small compared to T
Using the fact that the time and space derivatives can be interchanged with the averages,
and that the average of the fluctuations is zero, this yields:
oV; oP 0S5,
V-V)V " V) ) = — L+ fi 6.28
P4V V) Vit (-9l = -5+ TR (6.28)

We have assumed that the flow is incompressible, that is to say:

V- (V+v)=0. (6.29)
Taking a time—average of this equation yields:
V.-V =0, (6.30)

which means that the average flow is incompressible. Subtracting from equation (6.29)
then gives:
V.-v' =0, (6.31)
which means that the fluctuations are also incompressible. Therefore, the term p (V - V) V;
in equation (6.28) can be written as:
Vi _ 0
P J&xj N 8$j

where we have used the incompressibility of the average velocity. Similarly, the term

(PViVi),

p{((v' - V)v!) in equation (6.28) can be written as:

/avg _ i 1o _i 10
p<v‘j al‘j> - <3~”Uj (pvjvi)> - O SR

where we have used the incompressibility of the fluctuations and interchanged the space

derivatives and average. Therefore, equation (6.28) becomes:
oV; oP  0S;;

0
= (pV:V; ATAN - L4 fi 6.32
o T o, WYVt e ) = gt gy, (6.52)
which can also be written in the form:
aV;
P ot + % (,OVJVz + p<U;~U;> + P(Sij — Sz) = fi. (6.33)
J

This equation expresses the fact that the rate of change of momentum in a fixed volume
(0/0t term) is due to the divergence of the momentum flux (0/0x; term) and to the forces
acting on the volume. This is similar to equation (2.19), but with the addition of the

Reynolds stress, also called turbulent stress:

Tij = —P <U§U£> . (6.34)

Therefore, in a turbulent flow, momentum is transported by the mean velocities, by viscos-
ity and pressure, as in a laminar flow, but also by the correlations between the components

of the fluctuations.
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6.3.2 Mixing length theory

As we have no expression for the components of 7;; (six of which are independent, as the
tensor is symmetrical), the problem has more unknowns than equations. This is the well-
known closure problem of turbulence. Since 7;; appears in the same way as S;; = (04j)
in equation (6.33), it is tempting to express 7;; by analogy with (o;;), which is given by

equation (6.25). This is the basis for the mizing length theory, in which 7;; is written as:

v o
i = o4 ( ot M) | (6.35)

where vy is the so—called turbulent, or eddy viscosity. By analogy with expression (2.5)

for the molecular viscosity, it is supposed that:
v ~ ’UTA, (636)

where v; is a characteristic velocity of the turbulent eddies and A is the so—called mizing
length, which is the “mean free path” of the eddies, i.e. the distance they travel through
before they mix with their environment. Both v; and A depend on the flow under consid-
eration. Mixing length theory is widely used, for example to model the convective zone
of stars. However, although in this context it describes well the transport of energy by
the turbulent flow, it fails to give an accurate description of the transport of momentum.
This is a problem when modelling the interaction between the convective flow and tidal
oscillations excited by a stellar companion in binary systems, for example. One of the
limitation of the model is that the scale of the largest turbulent eddies is comparable to
the scale on which the average quantities vary. This is in constrast to kinetic theory, where
the calculation of the viscosity relies on the separation between the scale on which random

motions occur and the scale over which quantities are averaged.

6.3.3 Energy conservation

The kinetic energy per unit mass is:

(Vi+v))? = % (V2 + v + 2Vpv)) .
Therefore, the average kinetic energy per unit mass is:

(V2 + (o)) 5

N

which is the sum of the kinetic energy of the mean flow and that of the fluctuations.

We obtain an energy conservation equation for the mean flow by multiplying equa-
tion (6.28) by Vi:

9 (1 2\, Vi o/, 0\  VioP  _d (dV; 9V
ot <2Vl ) + ‘/;V] &cj + V; <Uj8xj> N P 83% + VV’@xj (8:1:] * 8% ’ (6.37)
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where we have neglected gravity, and where summation over ¢ and j is implicit. Using the

incompressibility of the average velocity (eq. [6.30]), we have:
vior 0 (VP
pOx; Oz \ p )’

o [0V, OV 2V, 9 [V avi\?
WMQ@WJ‘WW‘%O%Q‘@J‘
Using the incompressibility of the fluctuations (eq. [6.31]) yields:

0N )9
V;<Uj8xj =V 0x; (Ujvi) '

Interchanging the average and space derivatives, this can be written as:

5 9 aV;
Vigay (0heh) = gy (Vi (ojui)) = {wjob) 7

Therefore, equation (6.37) becomes:

(VY 0 (VR
ot 2 J a.%'j 2 -

. . . 2 .
9 (_Vzpp oy <1/.U;>> v (W’) + (vl 8;?. (6.38)
J

(‘37:]- al’j J 8.73j

and:

This equation expresses the conservation of kinetic energy for the mean flow. It indicates
that the Lagrangian derivative of V2/2 (left hand-side) is equal to the divergence of a
flux, which represents the work done by pressure forces, viscous and Reynolds stresses,
plus a term expressing dissipation of energy in the mean flow due to viscosity, which
is u(@%/@mj)g, plus a term which represents the transport of mean momentum by the
Reynolds stress, which is <v§v;> (0V;/0z;).
A similar conservation equation for the fluctuations can be obtained by multiplying
equation (6.26) by v}:
ov; Ov; vi Op 0 (0v;i Ov;
/ 1 / 1 7 / 1 J
v; + v — = —— +vv; — + .
¢ ot ’ ]8$]’ 1% 8SUZ Za$j aﬂfj 8:El

Using the Reynolds decomposition and averaging over time yields:

0 U? ’ 8”1,' ’ lavz,' ’ ,0Vi
m(2)+@wg%>+&w@%>+éw@%>—

vl op’ , 0 (0v,  Ov

As above, we use the incompressibility of the average and fluctuating velocities to re—write

(6.39)

this equation as:

o ( (o) o ()
m(z g\ 2 )

0 <v§p’> , OV <U§'U§2> v} 2 N7

oo | i) () ) gy o
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Here again, this equation expresses the conservation of kinetic energy for the fluctua-
tions. It indicates that the Lagrangian derivative of (v/?) /2 (left hand-side) is equal to
the divergence of a flux, which represents the average of the work done by the fluctuat-
ing pressure forces, viscous and Reynolds stresses, plus a term expressing dissipation of
energy in the fluctuations due to viscosity, which is v <(8v£ / axj)2>, plus the same term
as in equation (6.38) which represents the transport of mean momentum by the Reynolds
stress, which is — (vjv} ) (OV;/0x;). This term has a positive sign in equation (6.38),
and a negative sign here. It means that energy is transferred from the mean flow to the

fluctuations.

6.3.4 Kolmogorov scaling

When the fluctuations are stationary and vary slowly in space, equation (6.41) gives:

oV, v\ ?
/) v _ 1
<vjvi> oz, = —v < <8zj> > , (6.42)

which shows that the energy received by the fluctuations from the mean flow (left hand

side) is dissipated by viscosity (right hand side).

We now present the Kolmogorov model, which describes how the energy which is
fed into the fluctuations from the mean flow is ultimately dissipated by viscosity. The
turbulence can be modelled as a superposition of vortices, also called turbulent eddies,
of different sizes. The Kolmogorov model, which applies to homogeneous and isotropic
turbulence, assumes that the energy from the mean flow is fed into the largest eddies,
and that it subsequently cascades down to the smallest eddies where it is dissipated by
viscosity.

The largest eddies have a characteristic size and velocity that we note [ and v;, re-
spectively. Let € be the energy per unit mass which is transferred by the mean flow to

L's=1 which is equal to m? s73.

the largest eddies per unit time. The units of € are J kg™
Dimensional analysis then yields:

e~ v/l (6.43)

This energy is then passed on continuously to smaller eddies. Therefore, the same argu-
ment applies to an eddy of size A and velocity vy receiving the energy € per unit mass and
per unit time, so that:

€~ U3/ (6.44)

When the energy reaches the smalles eddies, which have a size lp and a velocity vy, it
is dissipated by viscosity, Therefore, € is equal to the term on the right hand side of

equation (6.42) evaluated for the smallest eddies, which gives:
e~ v /i3 (6.45)

Writing equation (6.44) for vy = vy and A = [y and comparing with equation (6.45) then
yields the Komolgorov length and velocity::

lo ~ 34V g ~ (V€)1/4. (6.46)
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The kinetic energy per unit mass of an eddy of size A and velocity vy is U/Z\ /2, which
according to equation (6.44) is proportional to (eX)?/3. Therefore, larger eddies have more

energy.

The range of scales A ~ [ is called the energy range, as this is where most of the energy
is. The scales A ~ [y are called dissipation range, and the intermediate scales g < A < [

are called the inertial range.

A very important law in the theory of turbulence is the so—called Kolmogorov’s sim-
ilarity law, which is obtained by introducing the wavenumber k such that A ~ 1/k. We
then note E(k)dk the kinetic energy per unit mass in the eddies with wavenumber between
k and k 4+ dk. The quantity E(k) is the spectral energy density and is associated with
the Fourier decomposition of the turbulent velocities. In the inertial range, this energy
cannot depend on [, [y or v. Therefore, it can only depend on ¢ and on k. Since it has the

3

dimensions m? s™2, dimensional analysis yields:

E(k) ~ /3753 (6.47)

Note that, for k = 1/\:

+o0o
E(K)dE o« PE723 ~ (eX)?? ~ 03,
k

This means that the total energy in all the eddies with sizes smaller than A is roughly
equal to the energy of the eddies with size X\, which is consistent with the result that the

energy is in the largest eddies.
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Appendix A

Complex variables

A.1 The Cauchy—Riemann relations
A function is analytic in a domain if it is single—valued and differentiable at all points in
this domain. For the function w(z) to be differentiable, the limit:

I - lim w(z + Az) —w(z)
Az—0 Az

i

must exist and be unique. With z = z + iy and w(z) = ¢(x,y) + iv(x,y), this limit can

also be written as:

L= lim .
Az, Ay—0 Ax +iAy,

This limit should not depend on the direction along which we approach the point (z,y).
Therefore, the result corresponding to Az being purely real (Ay = 0), which is:

L= lim 2@TATY) +W@+Asy) - lwy) — Wy _ 09 00
Az—0 Az oxr  Ox

should be identical to the result corresponding to Az being purely imaginary (Az = 0),

which is:

L= fim Py A Fi(y + Ay) — $r,y) —i(a,y) 06 99
Ay—0 lAy 8y ay

By equating the real and imaginary parts of these two expressions, we see that ¢ and

have to satisfy the Cauchy—Riemann relations:

op _ 0¥ o _ _99

It is straightfoward to see that these relations imply 92¢/0x2 +02¢/dy? = 0, and similarly
for 1, so that both the real and imaginary parts of an analytic function satisfy Laplace’s
equation. A function that satisfies Laplace’s equation is called a harmonic function.

The derivative of w can then be calculated by keeping y constant:

dw 9¢ O
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A.2 Cauchy’s theorem

A.3 Laurent series
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